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ABSTRACT
The presence of oriented features in images often conveys important information about the scene or
the objects contained; the analysis of oriented patterns is an important task in the general framework
of image understanding. As in many other applications of computer vision, the general framework
for the understanding of oriented features in images can be divided into low- and high-level analysis.
In the context of the study of oriented features, low-level analysis includes the detection of oriented
features in images; a measure of the local magnitude and orientation of oriented features over the
entire region of analysis in the image is called the orientation field. High-level analysis relates to
the discovery of patterns in the orientation field, usually by associating the structure perceived in
the orientation field with a geometrical model. This book presents an analysis of several important
methods for the detection of oriented features in images, and a discussion of the phase portrait
method for high-level analysis of orientation fields. In order to illustrate the concepts developed
throughout the book, an application is presented of the phase portrait method to computer-aided
detection of architectural distortion in mammograms.

KEYWORDS
oriented texture, architectural distortion, mammography, breast cancer, Gabor filters,
phase portraits, line detectors, optimization techniques, computer-aided diagnosis
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Preface
The presence of oriented features in images often conveys important information about the

scene or the objects contained; the analysis of oriented patterns is an important task in the general
framework of image understanding. As in many other applications of computer vision, the general
framework for the understanding of oriented features in images can be divided into low- and high-
level analysis. In the context of the study of oriented features, low-level analysis includes the detection
of oriented features in images; a measure of the local magnitude and orientation of oriented features
over the entire region of analysis in the image is called the orientation field.High-level analysis relates
to the discovery of patterns in the orientation field, usually by associating the structure perceived in
the orientation field with a geometrical model. This book presents an analysis of several important
methods for the detection of oriented features in images, and a discussion of the phase portrait
method for high-level analysis of orientation fields. In order to illustrate the concepts developed
throughout the book, an application is presented of the phase portrait method to computer-aided
detection of architectural distortion in mammograms.

The methods described in this book are mathematical in nature. It is assumed that the reader
is proficient in advanced mathematics and familiar with basic notions of data, signal, and image
processing. The methods of image analysis and modeling are suitable for inclusion in advanced
courses in electrical engineering, computer engineering, mathematics, physics, computer science,
biomedical engineering, and bioinformatics.The book is illustrated with several images and examples
of application to facilitate efficient comprehension of the notions and methods presented.

We wish our readers success in their studies and research.

Fábio J. Ayres, Rangaraj M. Rangayyan, and J. E. Leo Desautels
November 2010





1

C H A P T E R 1

Detection of Oriented Features
in Images

1.1 ORIENTED FEATURES IN IMAGES
The presence of oriented features in images often conveys important information about the scene or
the objects contained; the analysis of oriented patterns is an important task in the general framework
of image understanding. Some examples of oriented pattern analysis are listed below:

• The degree of organization of individual fibril strands in paper and textiles is related to the
strength of the material [1].

• Images obtained by remote sensing may present piecewise linear features related to rivers,
ridges, troughs, and man-made structures such as roads, buildings, farmland, and urban spaces.
The identification of natural directional patterns in satellite images is useful in the study of
the underlying geological processes that formed the observed terrain [2, 3].

• Seismic images have linear elements (such as “ground roll”) that must be eliminated in order
to improve the accuracy of the interpretation of such images [4, 5, 6].

• Fingerprints are formed by the arrangement of linear features. Fingerprint analysis, recogni-
tion, and archival are capabilities essential to forensic investigators [7].

• Several biomedical images present oriented features, such as images of collagen fibers in
ligaments [8, 9]; vascular networks in ligaments, lungs, and the heart [10]; bronchial trees
in lungs [11, 12]; fibroglandular tissue, the pectoral muscle, ligaments, and ducts in the
breast [13, 14, 15, 16, 30, 63, 143] (see Appendix A); and vascular networks in the retina [17].

• Wood-grain images may be analyzed to detect the presence of defects that might affect the
strength of the material [18].

• The histogram of edge orientations has been used to detect the presence of a human being in
an image [19].

• Printed circuit boards contain several linear elements that must be properly identified prior to
the detection of defects [20].

• The detection of pen strokes is important in the context of handwriting recognition [21].
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• The counting of asbestos fibers in a known volume of air is an important measure to monitor.
Asbestos is widely recognized as a health hazard, despite its useful chemical and physical
properties. Asbestos fibers appear in microscopy images as line segments, and algorithms have
been developed to detect and count such fibers [22].

• Insects growing in bulk wheat grain may appear in inspection images as line segments. Com-
puter vision systems have been developed for the automated inspection of cereal grains [23],
which is desirable to monitor the quality of stocked grains.

• Some authors [24, 25] have investigated the description of natural images using PCA. It has
been observed that the principal components of natural images have the characteristics of
bandpass filters, and that the filters can be organized in groups where each group is a steerable
basis of oriented filters [25].

Several methods have been developed for the analysis of directionally oriented texture and
line detection, including the following:

• Fourier-transform-based methods [4, 5, 6, 9];

• Space-domain linear filters, such as steerable filters [26], Gabor filters [14, 27, 28, 29, 30],
and infinite-impulse-response recursive fan filters [31]; and

• Nonlinear filters [32, 33].

The detection of oriented features is influenced by the characteristic width of the features
under investigation and the presence of noise. Individual oriented features are associated with a
particular spatial width, such as the width of a spicule in a mammographic image, or that of a road
seen in an aerial or satellite image. Hence, the ability of a technique to detect oriented features
depends on the proper calibration of a scale parameter that regulates the intrinsic width of the
oriented feature detector, according to the width of the oriented features of interest. Noise is another
factor that may impair the performance of an oriented feature detector because noise can mask
the presence of oriented structures and may also form or lead to the detection of spurious oriented
structures in the image.

In this chapter, criteria are developed to design and analyze the detection performance and ori-
entation accuracy of five selected oriented feature detectors [34, 35]: the Gaussian second-derivative
steerable filter [26], the quadrature-pair Gaussian second-derivative steerable filter [26], the real Ga-
bor filter [27, 28], the complex Gabor filter [27, 28], and the line operator of Dixon and Taylor [22].
The detection performance is defined in terms of the ability of each filter to detect linear structures
in the presence of noise and imprecision in the specification of scale. The orientation accuracy is
derived in terms of the cumulative angle error for the pixels belonging to the oriented features in a
test pattern.
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1.2 DIRECTIONALLY SENSITIVE FILTERS
1.2.1 STEERABLE FILTERS
The concept of steerable filters was presented by Freeman and Adelson [26]. Steerable filters are a
class of filters with the “steering property”: the impulse response of a filter, rotated at an arbitrary
angle, can be synthesized from a linear combination of rotated versions of the same filter’s impulse
response, for a set of pre-specified rotation parameters. Let f (x, y) be the filter’s impulse response,
and fθ (x, y) be the rotated impulse response at an arbitrary angle θ . The steering property can be
written as

fθ (x, y) =
M∑

j=1

kj (θ)fθj
(x, y),

where θj is the j th basis angle, j ∈ 1, 2, · · · , M , and kj (θ) is the j th interpolating function.

Gaussian-derivative-based steerable filters:

The partial derivatives of the Gaussian function provide a family of steerable filters [26]. In particular,
the second derivative of the Gaussian has been used as a detector of linear structures in mammo-
grams [15]. In the present analysis, the second derivative of the Gaussian is implemented in a form
similar to that of the filter described in the work of Freeman and Adelson [26]:

s(x, y) = −0.9213

σs

(
2

(
x

σs

)2

− 1

)
exp

(
−x2 + y2

σ 2
s

)
,

where σs determines the scale of the filter. The integral of |s(x, y)|2 over the R
2 plane is normalized

to unity. Figure 1.1 illustrates the steerable filter, for σs = 1.
This function requires three basis angles to implement the steering property: θs

1 = 0, θs
2 =

π/3, and θs
3 = 2π/3. Then, the steering property can be written as

sθ (x, y) =
3∑

j=1

ks
j (θ) sθs

j
(x, y),

where sθ (x, y) denotes s(x, y) rotated by the angle θ , and the interpolating functions ks
j (θ) are

given by

ks
j (θ) = 1

3

[
1 + 2 cos(2(θ − θs

j ))
]
.

Let I (x, y) be the given image, and Ws
θ (x, y) be the result of filtering I (x, y) with the filter

sθ (x, y), for a given value of θ . In the present work, frequency-domain filtering is employed: the
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Figure 1.1: Basic steerable filter kernel, with σs = 1. Reproduced with permission from F. J. Ayres and
R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”. Journal of Electronic
Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE

Fourier transform of I (x, y) is multiplied by the analytical expression for the Fourier transform
of sθ (x, y), and the inverse Fourier transform is applied to the resulting image in order to obtain
Ws

θ (x, y).
The magnitude function Ws

θ (x, y) is periodic in θ ; hence, it can be decomposed into a Fourier
series. Let Cs

1(x, y) and Cs
2(x, y) be the cosine and sine coefficients, respectively, of the second

harmonic of Ws
θ (x, y). Then, the local orientation φs(x, y) of I (x, y) is defined as φs(x, y) =

θs
opt (x, y) + π/2, where

θs
opt (x, y) = 1

2
arctan

(
Cs

2

Cs
1

)
= 1

2
arctan

( √
3(Ws

π/3 − Ws
2π/3)

Ws
π/3 + Ws

2π/3 − 2Ws
0

)
.

The coordinates (x, y) have been dropped for clarity. The magnitude component of the orientation
field is given by Es(x, y) = Ws

θopt
(x, y). The amplitude Es(x, y) and the local orientation φs(x, y)

compose the orientation field extracted with the steerable Gaussian second-derivative filter. This
procedure enhances oriented features of positive contrast only: the features of interest are required
to be brighter than their surroundings.

Quadrature-pair Gaussian-derivative-based steerable filters: The Gaussian second-derivative steerable



1.2. DIRECTIONALLY SENSITIVE FILTERS 5

filter forms a quadrature pair with its Hilbert transform. Freeman and Adelson [26] present an
approximation sh(x, y) of the Hilbert-transformed filter composed of a polynomial times a Gaussian
function in (x, y). With the inclusion of the scale factor σs , the Hilbert-transformed steerable kernel
analyzed in this chapter is designed as follows [26]:

sh(x, y) = 1

σs

(
−2.205

(
x

σs

)
+ 0.9780

(
x

σs

)3
)

exp

(
−x2 + y2

2σ 2
s

)
.

The constants in the expression above are required to normalize the integral of |sh(x, y)|2 over the
R

2 plane to unity. Figure 1.2 illustrates the Hilbert-transformed steerable filter kernel, for σs = 1.
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)

Figure 1.2: Basic Hilbert-transformed steerable filter kernel, with σs = 1. Reproduced with permission
from F. J. Ayres and R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”.
Journal of Electronic Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE

This function requires four basis angles to steer:θh
1 = 0,θh

2 = π/4,θh
3 = π/2, and θh

4 = 3π/4.
The corresponding interpolation functions are given by

kh
j (θ) = 1

2

[
cos(θ − θh

j ) + cos(3(θ − θh
j ))

]
.

Analogous to the steerable Gaussian second-derivative filter, define Wh
θ (x, y) as the output

of filtering the given image I (x, y) with the filter sh
θ (x, y). The filtering operation is performed

in the frequency domain. The combined energy of the quadrature pair is given by |Wsh
θ (x, y)|2 =
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|Ws
θ (x, y)|2 + |Wh

θ (x, y)|2, which can be decomposed in a Fourier series of only even harmonic
frequencies in θ , for a given (x, y). (Only even harmonics appear in the Fourier series as a consequence
of the squaring operation.) Let Csh

1 and Csh
2 be the cosine and sine coefficients, respectively, of the

second harmonic of |Wsh
θ (x, y)|2. Then, the local orientation φsh(x, y) of I (x, y) is defined as

φsh(x, y) = θsh
opt (x, y) + π/2, where

θsh
opt (x, y) = 1

2
arctan

(
Csh

2

Csh
1

)

and

Csh
1 = 4

9
(Ws

0 )2 + 2

9
Ws

0 Ws
π/3 + 2

9
Ws

0 Ws
2π/3 − 2

9
(Ws

π/3)
2

−4

9
Ws

π/3W
s
2π/3 − 2

9
(Ws

2π/3)
2 + 3

8
(Wh

0 )2

+1

8

√
2Wh

0 Wh
π/4 − 1

8

√
2Wh

0 Wh
3π/4 − 1

8

√
2Wh

π/4W
h
π/2

+1

4
Wh

π/4W
h
3π/4 − 3

8
(Wh

π/2)
2 − 1

8

√
2Wh

π/2W
h
3π/4

Csh
2 = 2

9

√
3Ws

0 Ws
π/3 − 2

9

√
3Ws

0 Ws
2π/3 + 2

9

√
3(Ws

π/3)
2

−2

9

√
3(Ws

2π/3)
2 + 1

8

√
2Wh

0 Wh
π/4 − 1

4
Wh

0 Wh
π/2

+1

8

√
2Wh

0 Wh
3π/4 + 3

8
(Wh

π/4)
2 + 1

8

√
2Wh

π/4W
h
π/2

−1

8

√
2Wh

π/2W
h
3π/4 − 3

8
(Wh

3π/4)
2 .

The coordinates (x, y) have been dropped for clarity.The magnitude of the output of the quadrature-
pair filter is given by Esh(x, y) = |Wsh

θopt
(x, y)|. The magnitude Esh(x, y) and the local orienta-

tion φsh(x, y) compose the orientation field extracted with the steerable quadrature-pair Gaussian
second-derivative filter. This filter detects oriented features of positive and negative contrast since
the energy of the filter is a positive quantity in both cases.

The Gaussian second-derivative filter will be henceforth referred to as the steerable filter only;
the quadrature-pair Gaussian second-derivative filter will be referred to as the quadrature steerable
filter.
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1.2.2 GABOR FILTERS
Gabor filters are a category of filters obtained from the modulation of a sinusoidal function (real or
complex) by a Gaussian envelope [27]. The Gabor filter represents the best compromise between
spatial localization and frequency localization, as measured by the product between the spatial extent
and the frequency bandwidth of the filter [27, 28]. In image processing applications, Gabor filters
may be used as oriented feature detectors [14, 29, 30, 36].

The real Gabor filter:

The real Gabor filter kernel oriented at the angle θ = −π/2 is given by

gr(x, y) = 1

2πσxσy

exp

[
−1

2

(
x2

σ 2
x

+ y2

σ 2
y

)]
cos(2πf x) . (1.1)

Kernels at other angles can be obtained by rotating this kernel over the range [−π/2, π/2] by using
the coordinate transformation

[
x′
y′

]
=

[
cos α sin α

− sin α cos α

] [
x

y

]

where (x′, y′) is the set of coordinates rotated by the angle α. In this study, the parameters in
Equation 1.1, namely σx , σy , and f , are derived from design rules as follows [14]:

• Let τ be the full-width at half-maximum of the Gaussian term in Equation 1.1 along the x

axis. Then, σx = τ/(2
√

2 ln 2) = τ/2.35.

• The cosine term has a period of τ ; therefore, f = 1/τ .

• The value of σy is defined as σy = l σx , where l determines the elongation of the Gabor filter
in the y direction, as compared to the extent of the filter in the x direction. In this work, we
use l = 8.

The parameter τ controls the scale of the filter. Figure 1.3 illustrates the real Gabor filter kernel, for
τ = 4 pixels and l = 8.

Let φr(x, y) be the angle of the oriented feature at (x, y), and gr
k(x, y), k = 0, 1, · · · , (K −

1), be the real Gabor filter oriented at αk = −π/2 + πk/K , where K is the number of equally
spaced filters over the angular range [−π/2, π/2]; in this analysis, let K = 18 with synthetic images
and K = 180 with mammograms. The functions gr

k(x, y), k = 0, 1, · · · , (K − 1) form a bank of
real Gabor filters, from which the orientation field can be extracted.

Let I (x, y) be the image being processed, and Wr
k (x, y) represent the Gabor-filtered images.

The filtering operation is implemented in the frequency domain, analogous to the steerable filter
case. Then, the orientation field of I (x, y) produced by the bank of real Gabor filters is given by the
angle
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Figure 1.3: Basic real Gabor filter kernel, with τ = 4 and l = 8. Reproduced with permission from F. J.
Ayres and R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”. Journal of
Electronic Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE

φr(x, y) = αkmax where kmax = arg{max
k

[Wr
k (x, y)]} ,

and by the amplitude of the output of the real Gabor filter at the optimal orientation Er(x, y) =
Wr

kmax
(x, y). This filter is sensitive to oriented features of positive contrast only.

The complex Gabor filter:

The complex Gabor filter kernel oriented at the angle θ = −π/2 is given by

gc(x, y) = 1

2πσxσy

exp

[
−1

2

(
x2

σ 2
x

+ y2

σ 2
y

)]
exp(j2πf x)

= gr(x, y) + jgi(x, y), (1.2)

where gr(x, y) is the real Gabor filter as in Equation 1.1, and gi(x, y) is the imaginary component
of the complex Gabor filter, given by
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gi(x, y) = 1

2πσxσy

exp

[
−1

2

(
x2

σ 2
x

+ y2

σ 2
y

)]
sin(2πf x) .

Analogous to the real Gabor filter, complex Gabor kernels at other angles can be obtained by rotating
gc(x, y) over the range [−π/2, π/2]. The same design rules as described on page 7 apply for the
selection of the parameters σx , σy , and f . Figure 1.4 illustrates the imaginary part of the complex
Gabor filter, for τ = 4 and l = 8.
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Figure 1.4: Imaginary part of the complex Gabor filter, with τ = 4 and l = 8. Reproduced with per-
mission from F. J. Ayres and R. M. Rangayyan. “Design and performance analysis of oriented feature
detectors”. Journal of Electronic Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE

The imaginary part of the complex Gabor filter approximates the Hilbert transform of the real
Gabor filter; hence, the complex Gabor filter acts as a quadrature pair. Let Wr

k (x, y) be the result of
filtering a given image I (x, y) with the real Gabor filter gr(x, y), let Wi

k(x, y) be the result of filtering
I (x, y) with the imaginary component gi(x, y) of the complex Gabor filter, and let Wc

k (x, y) be the
result of filtering I (x, y) with the complex Gabor filter gc(x, y). From Equation 1.2, it is evident
that the following relationship holds: |Wc

k (x, y)|2 = |Wr
k (x, y)|2 + |Wi

k(x, y)|2. The orientation
field, computed with the complex Gabor filter bank, is given by the angle field φc(x, y), with

φc(x, y) = αkmax where kmax = arg{max
k

[|Wc
k (x, y)|]} ,
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and by the magnitude of the output of the complex Gabor filter at the optimal orientation
Ec(x, y) = |Wc

kmax
(x, y)|. The filtering operation is implemented in the frequency domain, in the

present analysis. Analogous to the quadrature steerable filter, the complex Gabor filter detects ori-
ented features of both positive and negative contrast.

1.2.3 LINE OPERATOR
In a recent article, Zwiggelaar et al. [16] compared several methods for the detection of linear struc-
tures in mammographic images,namely: steerable filter [26],orientated bins [37], ridge detector [38],
and line operator [22]. The line operator was shown to have the best detection performance among
the oriented feature detectors investigated. The oriented feature detection methods investigated by
Zwiggelaar et al. operate in a multiscale mode: the original image is decomposed in a Gaussian
pyramid [39], and the methods are applied to each level of the pyramid.

The basic line operator kernel is sensitive to horizontal lines: detection of lines at an arbitrary
orientation is achieved by rotating the basic line operator kernel. Let H(x, y) be the average of NL

pixels along a horizontal line segment centered at (x, y), and B(x, y) be the average of the pixel
values inside a square box of width NL, centered at (x, y) and aligned with the Cartesian axes. The
line operator kernel is then given by L(x, y) = H(x, y) − B(x, y). In this analysis, NL = 5 pixels
is employed. Figure 1.5 illustrates the basic line operator kernel.
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2 −2
−1

0
1

2

0

0.1

0.2

y [pixels]x [pixels]

L(
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Figure 1.5: Basic line operator kernel, aligned with the x axis. Reproduced with permission from F. J.
Ayres and R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”. Journal of
Electronic Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE
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Let I (x, y) be the image containing the lines to be detected, and Lk(x, y) be the line operator
kernel rotated to the angle αk = −π/2 + πk/K ,k = 0, 1, · · · , (K − 1),with K = 18 in the present
analysis. Let Wl

k(x, y) be the result of filtering I (x, y) with Lk(x, y). The orientation of the line
detected at pixel (x, y) is denoted by φl(x, y), and is obtained as

φl(x, y) = αkmax where kmax = arg{max
k

[Wl
k(x, y)]} ,

and the amplitude of the result of the line operator filter is given by El(x, y) = Wl
kmax

(x, y). The
filter is sensitive to the presence of oriented features of positive contrast only.

The filtering operation is implemented as a circular convolution, in order to match the filtering
strategy employed for the steerable filters and Gabor filters [34].

Contrary to the steerable filters and the Gabor filters, the line operator does not provide
a parameter for scaling. Multiscale analysis using the line operator is performed by decomposing
I (x, y) into a Gaussian pyramid [39] and applying the line operator at each level of the pyramid.Two
operations are defined in the framework of Gaussian pyramids: reduction (low-pass filtering followed
by decimation by a factor of two) and expansion (the image is augmented with the interleaving of
zeros and subsequent filtering, expanding the resolution by a factor of two). The filtering steps are
implemented with circular convolution, analogous to the line-operator filter. The Gaussian pyramid
of a given image I (x, y) is a collection of images Ip(x, y) obtained by successive reduction, where
p denotes the number of reductions applied. The expanded images I e

p(x, y) are obtained through
the expansion of Ip(x, y) to the original resolution of I (x, y).

The scale of the line operator is defined as λ = 2p, where p indicates that the line operator
is applied to the reduced image Ip(x, y). The magnitude of the result of the line operator applied
to Ip(x, y) is expanded to the original resolution, in order to obtain the final magnitude El(x, y).
The line orientation produced by the application of the line operator to Ip(x, y) is expanded to the
original resolution using nearest-neighbor interpolation. (Linear interpolation is not applicable to
angular quantities, as it would lead to inconsistent results. For instance, the average of 0o and 180o

is 90o, indicating a vertical orientation that is incompatible with the horizontal orientations being
averaged.)

1.2.4 FREQUENCY-DOMAIN ANALYSIS
All of the oriented feature detectors discussed in this chapter can be scaled and rotated. In addition,
the real and the complex Gabor filters permit the modification of the aspect ratio of the filter, through
the elongation factor l.

Figure 1.6 exemplifies the effect of the different design parameters in the real Gabor filter,
thus illustrating the scaling and rotation phenomena common to all filters, and the effect of the
elongation factor on the (real and complex) Gabor filters. Figure 1.6 is described as follows:

• Figures 1.6a and 1.6e show the impulse response of a Gabor filter and its Fourier transform
magnitude (frequency response), respectively.
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• In Figure 1.6b, the Gabor filter of Figure 1.6a is stretched in the x direction, by increasing
the elongation factor l. Observe that the Fourier spectrum of the new Gabor filter, shown in
Figure 1.6f, is compressed in the horizontal direction.

• The Gabor filter shown in Figure 1.6c is obtained by increasing the parameter τ of the original
Gabor filter, thus enlarging the filter in both the x and y directions. Correspondingly, the
Fourier spectrum of the enlarged filter, shown in Figure 1.6g, is shrunk in both the vertical
and horizontal directions.

• The effect of rotating the Gabor filter by 30◦ counterclockwise is displayed in Figures 1.6d
and 1.6h, that show the rotated impulse response and its corresponding Fourier spectrum,
respectively.

(a) (b) (c) (d)

(e) (f ) (g) (h)

Figure 1.6: Effect of the different parameters of the Gabor filter. (a) Example of the impulse response
of a Gabor filter. (b) The parameter l is increased: the Gabor filter is elongated in the x direction. (c)
The parameter τ is increased: the Gabor filter is enlarged in the x and y directions. (d) The angle of the
Gabor filter is modified. Figures e–f correspond to the magnitude of the Fourier transforms of the Gabor
filters in a–d, respectively. The (0, 0) frequency component is at the center of the spectra displayed.

A comparison between the impulse response and the magnitude of the frequency response
for each oriented feature detector described in the present chapter is presented in Figure 1.7. It can
be observed from an analysis of the frequency response of each filter that the Gabor filters (real and
complex) are narrowband filters, whereas the remaining filters have coarser angular selectivity.
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Figure 1.7 (cont.)
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Oriented feature detector Impulse response
Frequency response

(magnitude)

Complex Gabor filter,
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Figure 1.7: Impulse response and magnitude component of the frequency response of each oriented
feature detectors. The frequency response shown with the quadrature component of the quadrature-pair
steerable filter corresponds to the frequency response of the quadrature pair. The frequency response
shown with the impulse response of the imaginary component of the complex Gabor filter corresponds
to the frequency response of the complex Gabor filter.
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1.3 PERFORMANCE ANALYSIS OF THE ORIENTED
FEATURE DETECTORS

This section presents a comparison of the detection performance and orientation accuracy of the five
oriented feature detectors presented in Section 1.2. The detection performance is defined in terms
of the ability of each filter to detect linear structures in the presence of noise and imprecision in the
specification of scale. The orientation accuracy is given in terms of the cumulative angle error for
the pixels belonging to the lines in the test pattern used.

1.3.1 PERFORMANCE IN TERMS OF DETECTION AND ANGULAR
ACCURACY

A test image of size 512 × 512 pixels was employed in the investigation of the detection performance
and orientation accuracy of each oriented feature detector.The test pattern includes 34 line segments
oriented at equally spaced angles, distributed radially around a circle with a radius of 115 pixels. Each
line segment has a length of 115 pixels and a width of two pixels. The background of the test image
was set to 0.4, and the line segments were set to 0.6, in the normalized scale [0, 1] for gray levels.
The test pattern was corrupted with various levels of Gaussian noise (standard deviation range:
ση ∈ [0, 0.5], in steps of 0.05), allowing for the analysis of the robustness of each filter to noise.
Figure 1.8a shows the test pattern corrupted by Gaussian noise of standard deviation ση = 0.1.

The number of line segments was chosen as 34 in order to prevent synchronization between
the angles of the line segments and the angles of the kernels of the Gabor filter banks (real and
complex) or the line-operator filter banks. Over the half-closed angular interval [0, 180) degrees,
we have 17 line segments and 18 kernels in each filter bank. As a consequence, the absolute angular
error between the angle of a given line segment and the closest kernel angle in the filter bank will
evenly span the range [0, 5) degrees. The same reasoning applies to the line segments oriented at
angles in the half-closed angular interval [180, 360) because the arithmetic of orientation angles
follows a congruence with modulo 180 degrees.

The orientation field of the test image was obtained, for each level of noise, and for different
values of the corresponding scale parameter with each filter. Figure 1.8 shows the orientation field
magnitude obtained with each of the five oriented feature detectors for the scale parameters specified
in the caption.

For each filter, a pixel was considered to be part of a linear structure if the magnitude of
the orientation field at that pixel exceeded a given threshold. In this manner, receiver operating
characteristics (ROC) analysis [40] can be performed to investigate the detection performance of
each filter (see Appendix B). The detection performance measure was defined as the area under the
ROC curve [40], denoted by AUC. The value of AUC was obtained for each noise level, and for
several values of the scale parameter of each filter; the results are shown as topographic maps in
Figure 1.9.

The definition of the scale parameter varies across the oriented feature detectors presented in
this chapter, introducing a degree of freedom in multiscale comparison of the different detectors:
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(a) (b) (c)

(d) (e) (f )

Figure 1.8: Orientation field magnitude obtained with each oriented feature detector. (a) Test pattern,
corrupted with Gaussian noise (ση = 0.1). (b) Steerable filter (σs = 2.9 pixels). (c) Quadrature steerable
filter (σs = 2.1 pixels). (d) Real Gabor filter (τ = 8.5 pixels). (e) Complex Gabor filter (τ = 5.5 pixels).
(f ) Line operator (λ = 2 pixels). Reproduced with permission from F. J. Ayres and R. M. Rangayyan.
“Design and performance analysis of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12
pages, April 2007. article number 023007. © SPIE
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the scale measurement of each detector may differ from the remaining detectors by a multiplicative
factor. Therefore, the base-ten logarithm of the scale parameter is employed in the present analysis,
instead of the linear scale, in order to allow straightforward comparison of the different detectors.The
logarithm operation converts any multiplicative factor into a summation constant, and comparisons
of interval length in the scale parameter are not influenced by this constant. In particular, it is possible
to integrate the detection performance of each detector (given by AUC, as previously mentioned)
with respect to the logarithm of the scale parameter.

The following characteristics were observed in the results of all of the oriented feature detectors
investigated in this chapter:

• The value of AUC decreases with the noise level. A slower decay in AUC versus noise denotes
greater robustness to noise.

• For a given level of noise, there is an optimal range of values for the scale parameter associated
with a high AUC value. This range can be interpreted as an indicator of robustness to impre-
cision in the specification of scale in the design of the filter, in relation to the actual width of
the features in the given image. Conversely, for a single-scale detector, the range of optimal
values is associated with the variation of characteristic widths of oriented features for which
the oriented feature detector can provide a high detection capability.

A measure to represent the combined robustness to noise and scale of each detector is proposed,
as the area of the domain (noise level, log10 of the scale parameter) for which AUC > 0.9; see
Figure 1.9. The filter that has the largest area under the topographic line corresponding to AUC =
0.9 is the most robust among the filters evaluated. Table 1.1 presents the robustness measure of each
detector.

In order to illustrate better the robustness of each oriented feature detector to imprecision in
the specification of scale, the standard deviation (ση) of the noise in the test image was set to 0.1, and
the area under the ROC curve AUC was analyzed as a function of scale only, for each detector. The
following parameters were obtained for each oriented feature detector, and the results are shown in
Table 1.1:

• the best scale;

• the range of scale (in pixels) in which AUC > 0.9, called the detection range; and

• the equivalent detection range, in millimeters, if the center of the scale range as defined above
is normalized to the width of 1 mm.

In order to evaluate the angular precision of the detectors, the cumulative angular error was
obtained at the best scale (shown in Table 1.1), and with a noise standard deviation of ση = 0.1 for
the test image, as shown in Figure 1.8a. Figure 1.10 displays the results of the cumulative angular
error analysis, i.e., the fraction of the positive (line) pixels whose angular error is less than a given
angular tolerance. It is observed that the real and complex Gabor filters present the best accuracy:
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Figure 1.9: Topographic maps showing AUC for the oriented feature detectors studied, at various levels
of noise and scale (std = standard deviation). (a) Steerable filter. (b) Quadrature steerable filter. (c) Real
Gabor filter. (d) Complex Gabor filter. (e) Line operator. Reproduced with permission from F. J. Ayres and
R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”. Journal of Electronic
Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE
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Table 1.1: Robustness measure, best scale, and detection range for each oriented
feature detector. The best scale and the detection range values were obtained at a
noise standard deviation of ση = 0.1 in the test image. Noise in the range of [0, 0.5]
in standard deviation was used to derive the measure of robustness. Reproduced
with permission from F. J. Ayres and R. M. Rangayyan. “Design and performance
analysis of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12
pages, April 2007. article number 023007. © SPIE

Detector Robustness Best scale Detection Detection
[pixels] range [pixels] range [mm]

Steerable 0.36 2.9 1.2 − 14.2 0.2 − 1.8
Quadrature steerable 0.22 2.1 1.1 − 7.4 0.3 − 1.7
Real Gabor 0.46 8.5 3.3 − 42.2 0.1 − 1.9
Complex Gabor 0.34 5.5 3.4 − 26.6 0.2 − 1.8
Line operator 0.37 2.0 1.5 − 11.2 0.2 − 1.8

almost 100% of the line pixels (pixels belonging to the true line pattern in the test image) in the
orientation field generated by these filters present an angular error less than 10 degrees.

1.3.2 ANALYSIS OF PERFORMANCE WITH MULTISCALE FEATURES
The detection range of each filter, in terms of capturing features of varying width or scale, was
analyzed with the following experiment. A test image of 4096 × 512 pixels was created, consisting
of 32 bright lines (of intensity 0.6) on a relatively dark background (of intensity 0.4), as shown in
Figure 1.11a. The lines are vertically oriented, with the length (or height) of 212 pixels, and widths
varying from one to 32 pixels in steps of one pixel.This test image will be referred to as the multiscale
test image in the following analysis. Gaussian noise of standard deviation ση = 0.1 was added to
the multiscale test image (see Figure 1.11b). The scale parameter of each oriented feature detector
was set as follows:

• The geometric mean between the minimum line width (one pixel) and the maximum line
width (32 pixels) in the multiscale test image is 5.66. This value represents the center of the
line width range in the multiscale test image.

• The detection range results presented in Table 1.1 were obtained using a line width of two
pixels, as described in Section 1.3.1. The ratio between the width of the center line in the
multiscale test image and the line width in the first test image in Figure 1.8a is 2.83.

• The scale parameter of each oriented feature detector is set as the geometric mean of the
detection range of each oriented feature detector, as given in Table 1.1, times the rescaling
factor of 2.83, computed above.
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Figure 1.10: Cumulative angular error for each oriented feature detector: steerable filter (dotted line);
quadrature steerable filter (dash-dot line); real Gabor filter (dashed line); complex Gabor filter (solid
line); line operator (bold solid line). The curves associated with the real and complex Gabor filters
overlap significantly. Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Design and
performance analysis of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12 pages, April
2007. article number 023007. © SPIE

Figures 1.11c to 1.11g show the resulting magnitude images from the application of each
oriented feature detector. In all cases, the area under the ROC curve was greater than 0.9. Observe
that all of the oriented feature detectors provide a stronger detection at the middle of the multiscale
test image than at its ends, as expected. For thinner lines, the oriented feature detectors exhibit a less
significant response than those for the lines in the middle of the test image. The application of the
oriented feature detectors to thicker lines also generated less significant responses along the core of
the line features, with the exception of the steerable filter (Figure 1.11c). It can be observed that, in
the case of the quadrature steerable filter and the complex Gabor filter, only the edges of the thicker
line features have been identified as oriented features.

1.3.3 COMPUTATIONAL TIME
The execution time was measured for each oriented feature detector and averaged over 10 repetitions,
on a Dell Precision 360 workstation (3.20 GHz Pentium 4 processor, 2 MB of cache, and 2 GB of
RAM); the results are shown in Table 1.2. The line operator has the lowest execution time, followed
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Figure 1.11 (cont.)
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(e)
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Figure 1.11: Application of the oriented feature detectors to a test pattern of lines of varying width. (a)
Test pattern. (b)Test pattern with Gaussian noise added (ση = 0.1). (c) Steerable filter (σs = 11.67 pixels).
(d) Quadrature steerable filter (σs = 8.06 pixels). (e) Real Gabor filter (τ = 33.38 pixels). (f ) Complex
Gabor filter (τ = 26.90 pixels). (g) Line operator (λ = 8 pixels). All images are of size 4096 × 512 pixels.
Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Design and performance analysis
of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12 pages, April 2007. article number
023007. © SPIE
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by the steerable filter, the quadrature steerable filter, the real Gabor filter, and the complex Gabor
filter.

Table 1.2: Mean execution time for each
oriented feature detector, when applied to
the 512 × 512 test pattern shown in Fig-
ure 1.8a. The execution time was averaged
over 10 repetitions on a Dell Precision 360
workstation (3.20 GHz Pentium 4 proces-
sor, 2 MB of cache, and 2 GB of RAM).

Detector Execution time [s]

Steerable 1.36
Quadrature steerable 3.65
Real Gabor 5.00
Complex Gabor 6.23
Line operator 0.75

1.4 DISCUSSION

The aim of the analysis described in this chapter was to develop design criteria and conduct per-
formance analysis of five oriented feature detectors, in terms of their ability in the detection of
oriented features and accuracy in the determination of the angle of the oriented features of interest.
Performance measures were derived and analyzed in the presence of noise and imprecision in the
specification of scale.

All of the oriented feature detectors investigated in this chapter are based on filter banks
consisting of filtering kernels that are sensitive to the presence of oriented features. Each filter
presents a positive lobe that is elongated at a certain orientation and negative sidelobes in order to
highlight the presence of linear features at a particular orientation. The results of filtering for each
filter bank are combined to form two maps: the magnitude map, which indicates the intensity of
the oriented feature at each pixel, and the angle map, which indicates the orientation of the feature
at each pixel. The magnitude and angle maps are together referred to as the orientation field of the
image under analysis.

1.4.1 ROBUSTNESS TO NOISE AND SCALE
The detection performance of the oriented feature detectors in the presence of noise and imprecision
in scale is shown in Figure 1.9. It is observed that all of the oriented feature detectors studied present
a reduction in AUC with increasing noise, as expected. The real Gabor filter is the most robust to
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noise, presenting a large range of noise over which the detection performance is greater than 0.9.
This result can be explained in terms of the spatial extent of the filters investigated: the main lobe of
the real Gabor filter has a larger length-to-width ratio than that of the other filters, thus enhancing
more effectively the signal-to-noise ratio after filtering.

The robustness to imprecision in scale specification is also shown in Figure 1.9; it is noticed
that, for a given level of noise in the test image, each oriented feature detector has an optimal range of
scales in which the detector presents good detection performance (defined as AUC > 0.9).Table 1.1
shows the optimal scale range of each oriented feature detector, for a noise standard deviation level
of 0.1 in the test image; conversion of the optimal scale range to millimeters is also given for easier
comparison of the oriented feature detectors. The optimal scale range was converted to millimeters
in such way that the oriented feature width of 1 mm is placed at the center of the optimal scale
ranges. It is observed that all filters present similar optimal scale ranges (in millimeters); the real
Gabor filter presents the largest range.

It must be noted that the optimal scale range of all oriented feature detectors can be enhanced
with the adoption of a multiscale strategy: each oriented feature detector can be applied to the image
under analysis at different values of the scale parameter, resulting in an orientation field for each
scale. The final orientation field is then obtained as follows: the magnitude of the final orientation
field, at a given pixel, is the largest magnitude across the set of orientation fields that are obtained for
each scale; the final angle is taken as the angle of the orientation field at the scale that provided the
largest magnitude response. Nevertheless, the analysis of the optimal scale range is relevant: given
a range of characteristic widths of several oriented features to be detected in an image, the analysis
of the optimal scale range as above permits the appropriate selection of the scale parameter values,
in the multiscale operation of each oriented feature detector. The set of scale parameter values must
be chosen in such a manner that the union of the optimal scale ranges, associated with each scale
chosen, covers the given range of the characteristic widths of the oriented features of interest.

The effect of noise and scale imprecision in the detection capability of each oriented feature
detector may be summarized in a single combined robustness measure, as shown in Table 1.1 and
described in Section 1.3. It can be observed that the real Gabor filter has the best combined robustness
measure, followed by the line operator, the steerable filter, the complex Gabor, and quadrature
steerable filters. As mentioned in the preceding discussion, all filters have comparable optimal scale
ranges, and the real Gabor filter has higher robustness to noise.Therefore, the ranking of the oriented
feature detectors according to the combined robustness measure is consistent with the preceding
discussion.

The superior performance of the real Gabor, the line operator, and the steerable filters is due
to the fact that the test pattern used to study the oriented feature detectors consists of line segments
of positive contrast; therefore, the filters have an intrinsic advantage in the detection of the lines
in the test pattern. The real Gabor, the line operator, and the steerable filters are recommended
when all oriented features to be detected in an image are of positive contrast. (Detection of oriented
features of negative contrast in an image can be achieved by detecting oriented features of positive
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contrast in the negative of the given image.) In many real-life applications, the contrast of the
oriented features to be detected is known in advance; for instance, the presence of malignant tumors
or architectural distortion in mammograms may result in spiculations, which are oriented features of
positive contrast [41]. When the contrast of the oriented features to be detected is not known, or if
the given image may exhibit oriented features of both positive and negative contrast, the real Gabor,
the line operator, and steerable filters may still be used: the oriented features must be detected in
both the given image and in its negative, and the corresponding orientation fields must be combined.
An alternative to the detection of oriented features of unknown contrast is the application of the
complex Gabor and the quadrature steerable filters, albeit at a higher computational cost.

1.4.2 ANGULAR ACCURACY
The angular precision of the oriented feature detectors is illustrated in Figure 1.10. It can be observed
that the Gabor filters have the best accuracy among the oriented feature detectors studied in this
analysis. The line operator has the poorest orientation accuracy. These results are a consequence of
the length-to-width aspect ratio of the main lobes of the filters.The Gabor filters used in the present
analysis have the highest aspect ratio; hence, the oriented Gabor kernel corresponding to the optimal
orientation prevails over the remaining kernels in the Gabor filter bank in terms of the magnitude of
the output, resulting in less ambiguity when deciding upon the orientation of the feature at a given
pixel. The line operator of Dixon and Taylor [22] and steerable filters do not provide parameters to
modify the length-to-width aspect ratio.

1.4.3 COMPUTATIONAL SPEED
The line operator has the highest computational speed, as seen in Table 1.2, due to the efficient
implementation of the filter as a convolution operator. The Gabor filters require the highest com-
putational effort: both the real and complex Gabor filter banks used in the present analysis (with
the synthetic test images) include 18 filters, which were implemented as frequency-domain filters
instead of convolution operations in the space domain.

1.5 APPLICATION OF GABOR FILTERS TO THE
DETECTION OF CURVILINEAR STRUCTURES IN
MAMMOGRAMS

Oriented features present in mammographic images are related to various normal structures in the
breast (such as vessels, ducts, and fibroglandular tissue), and to abnormal elements that may be
associated with the presence of breast cancer (such as spicules in a spiculated tumor or architectural
distortion; see Appendix A). An example of the orientation field of a mammographic image is given
in Figures 1.12, 1.13, and 1.14. Figure 1.12 shows a mammographic image from the Mini-MIAS
database [42] (image “mdb168”). The orientation field of the mammographic image was obtained
using a bank of real Gabor filters, as described in Section 1.2.2, with K = 180. Figures 1.13 and 1.14
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show the magnitude and angle components of the orientation field of the mammographic image. It
can be observed that the oriented features present in the mammographic image are emphasized in
the magnitude component of the orientation field (Figure 1.13), and the orientation angle depicted
in Figure 1.14 agrees with the appearance of the oriented features present in the mammographic
image.

The organization of oriented features in mammograms may be used to detect abnormal
conditions, as indicated in the two examples described below:

• Architectural distortion is a subtle mammographic abnormality that is characterized by dis-
tortion of the normal structure of the breast, with no mass visible, and may appear as a set of
spicules radiating from a central point, or as a focal retraction at the edge of the fibroglandular
disk. Methods for the detection of architectural distortion are presented in Chapter 4.

• Bilateral asymmetry occurs when the left and right breasts differ in their mammographic
appearance. This mammographic finding has been linked to an increased probability of devel-
opment of breast cancer [43]. Ferrari et al. [30] used Gabor filters and multiscale analysis to
obtain the orientation field of mammographic images, from which histograms of orientation
angles (or rose diagrams) were obtained. A set of features related to the statistical distribution
of orientation angles was obtained, and used to detect the occurrence of bilateral asymmetry.
The authors reported a classification accuracy of 74.4%.

Appendix A presents a further discussion on computer-aided analysis of mammographic
images.

1.6 REMARKS
Based upon the results presented in this chapter, it is evident that the real Gabor filter presents
the best combination of detection performance and angular accuracy. The line operator has the
highest computational speed, followed by the steerable and the quadrature steerable filters; the
Gabor filters have the highest computational requirement among the oriented feature detectors
analyzed in this chapter. Despite the high computational speed of the line operator, the steerable
filter is recommended where computational speed is important, due to its significantly improved
angular accuracy and comparable detection performance. The real Gabor filter is recommended
when high detection performance and angular accuracy are required, as in the case of noisy images
or when the presence of oriented features is subtle. We have found the real Gabor filter to perform
well in the detection of architectural distortion in mammograms [14]; details of this application are
presented in Chapter 4.
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Figure 1.12: A normal mammographic image (mdb168) from the Mini-MIAS database. Image size:
646 × 1024 pixels. Pixel resolution is 200 μm/pixel. Reproduced with permission from F. J. Ayres and
R. M. Rangayyan. “Design and performance analysis of oriented feature detectors”. Journal of Electronic
Imaging, 16(2):12 pages, April 2007. article number 023007. © SPIE
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Figure 1.13: Orientation field magnitude for the mammographic image in Figure 1.12, obtained using
a bank of 180 real Gabor filters. Reproduced with permission from F. J. Ayres and R. M. Rangayyan.
“Design and performance analysis of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12
pages, April 2007. article number 023007. © SPIE
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Figure 1.14: Orientation field angle superimposed on the mammographic image in Figure 1.12. The
orientation field was obtained using a bank of 180 Gabor filters. Line segments are drawn every 10 pixels,
indicating the orientation field angle. The orientation field angle has been smoothed using the procedure
described in Section 4.1.1. Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Design
and performance analysis of oriented feature detectors”. Journal of Electronic Imaging, 16(2):12 pages,
April 2007. article number 023007. © SPIE
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C H A P T E R 2

Analysis of Oriented Patterns
Using Phase Portraits

Consider a system of two linear,first-order,differential equations.A diagram that depicts the possible
trajectories of the state variables, for different initialization values, is called the phase portrait diagram
of the system. The appearance of the phase portrait diagram can be categorized as node, saddle, or
spiral.

Rao and Jain [44] (see also Rao [45]) developed a method for the analysis of images displaying
oriented texture, which relies on the association of the oriented texture pattern present in an image
with the appearance of a phase portrait diagram (and the corresponding parameters of the system
of differential equations). In this chapter, the method of phase portraits is described and illustrative
examples are given.We employ the phase portrait method for the detection of architectural distortion
in mammograms.

2.1 PHASE PORTRAITS
Phase portraits provide an analytical tool to study systems of first-order differential equations [46].
Let p(t) and q(t), t ∈ R, denote two differentiable functions of time t , related by a system of
first-order differential equations as

ṗ(t) = F [p(t), q(t)]
q̇(t) = G[p(t), q(t)] ,

(2.1)

where the dot above the variable indicates the first-order derivative of the function with respect
to time, and F and G represent functions of p and q. Given initial conditions p(0) and q(0), the
solution (p(t), q(t)) to Equation 2.1 can be viewed as a parametric trajectory of a hypothetical
particle in the pq plane, placed at (p(0), q(0)) at time t = 0, and moving through the pq plane
with velocity (ṗ(t), q̇(t)). The pq plane is referred to as the phase plane of the system of first-order
differential equations.The path traced by the hypothetical particle is called a streamline of the vector
field (ṗ, q̇). The phase portrait is a graph of the possible streamlines in the phase plane. A fixed point
of Equation 2.1 is a point in the phase plane where ṗ(t) = 0 and q̇(t) = 0: a particle left at a fixed
point remains stationary.

When the system of first-order differential equations is linear, Equation 2.1 assumes the form(
ṗ(t)

q̇(t)

)
= A

(
p(t)

q(t)

)
+ b , (2.2)
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where A is a 2 × 2 matrix and b is a 2 × 1 column matrix (a vector). In this case, there are only three
types of phase portraits: node, saddle, and spiral [46]. The type of phase portrait can be determined
from the nature of the eigenvalues of A, as shown in Table 2.1. The eigenvalues of A are given by

λ1 = tr(A)

2
+

√[tr(A)]2 − 4 det (A)

2
(2.3)

and

λ2 = tr(A)

2
−

√[tr(A)]2 − 4 det (A)

2
, (2.4)

where tr(A) is the trace of matrix A and det (A) is the determinant of A.
The center (p0, q0) of the phase portrait is given by the fixed point of Equation 2.2:

(
ṗ(t)

q̇(t)

)
= 0 ⇒

(
p0

q0

)
= −A−1b. (2.5)

Solving Equation 2.2 yields a linear combination of complex exponentials for p(t) and q(t),
whose exponents are given by the eigenvalues of A multiplied by the time variable t . Table 2.1
illustrates the streamlines obtained by solving Equation 2.2 for a node, a saddle, and a spiral phase
portrait: the solid lines indicate the movement of the p(t) and the q(t) components of the solution,
and the dashed lines indicate the streamlines.The formation of each phase portrait type is explained
as follows:

• Node — The components p(t) and q(t) are exponentials that either simultaneously converge
to, or diverge from, the fixed-point coordinates p0 and q0. This condition occurs when the
eigenvalues of A have the same sign. From Equations 2.3 and 2.4, we conclude that a node
pattern is obtained when

0 < det (A) <
[tr(A)]2

4
.

• Saddle — The components p(t) and q(t) are exponentials; while one of the components (either
p(t) or q(t)) converges to the fixed point, the other diverges from it. A saddle pattern occurs
when the eigenvalues of A are real and have opposite signs. This condition is achieved if

det (A) < 0.

• Spiral — The components p(t) and q(t) are exponentially modulated sinusoidal functions;
the resulting streamline forms a spiral curve. The eigenvalues of A form a pair of complex
conjugate numbers with nonzero imaginary parts. In this case, we have
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Table 2.1: Phase portraits for a system of linear first-order differential
equations. Solid lines indicate the movement of the p(t) and the q(t)

components of the solution; dashed lines indicate the streamlines. Repro-
duced with permission from F. J. Ayres and R. M. Rangayyan. “Charac-
terization of architectural distortion in mammograms”. IEEE Engineering
in Medicine and Biology Magazine, 24(1):59–67, January 2005. © IEEE
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det (A) >
[tr(A)]2

4
.

The relationship between the type of phase portrait and the values of det (A) and tr(A) is
illustrated in Figure 2.1.

det( A)

tr( A)

saddle

nodenode

spiral

Figure 2.1: Type of phase portrait in relation to det (A) and tr(A).

If a model matrix A has determinant and trace values positioned near the interface between
types of phase portrait in Figure 2.1, the assignment of a definite type of phase portrait to A in a
real application cannot be done reliably.

2.2 ANALYSIS OF ORIENTATION FIELDS USING PHASE
PORTRAITS

2.2.1 LOCAL ANALYSIS OF ORIENTATION FIELDS
The model in Equation 2.2 can be used to analyze orientation fields, as proposed by Rao and Jain [44].
Consider the following vector field model:

�v =
(

vx

vy

)
= A

(
x

y

)
+ b , (2.6)

where

A =
[

a b

c d

]
, b =

[
e

f

]
. (2.7)



2.2. ANALYSIS OF ORIENTATION FIELDS USING PHASE PORTRAITS 35

The vector �v is an affine function of the coordinates (x, y). A particle on the Cartesian (image) plane
whose velocity is given by �v(x, y) will follow a trajectory that is analogous to the time evolution of
the dynamical system in Equation 2.2. Therefore, Equation 2.6 can be compared to Equation 2.2
by associating the vector �v with the state velocity (ṗ(t), q̇(t)), and the position (x, y) with the state
(p(t), q(t)). The orientation field generated by Equation 2.6 can be defined as

φ(x, y|A, b) = arctan

(
vy

vx

)
, (2.8)

which is the angle of the vector �v with the x axis.
Table 2.1 lists the three phase portraits and the corresponding orientation fields generated by

a system of linear first-order differential equations.
The orientation field of an image I (x, y) presenting oriented texture can be obtained using

the real Gabor filter bank described in Section 1.2.2. Let us denote by M(x, y) and θ(x, y) the
magnitude and angle components of the orientation field of I (x, y). At every pixel location (x, y),
define the error between θ(x, y) and a synthetic orientation field φ(x, y|A, b) as

r(x, y) = sin (θ(x, y) − φ(x, y|A, b)) . (2.9)

The sum of the squared errors (referred to henceforth as the error measure), weighted by the
magnitude of the orientation field, is given by

ε2(A, b) =
∑
x

∑
y

M(x, y) sin2(θ(x, y) − φ(x, y|A, b)) . (2.10)

Minimizing ε2(A, b) with respect to the elements of A and b yields a set of parameters Aopt

and bopt , which relate to the synthetic orientation field that best approximates the orientation field of
I (x, y). [Optimization methods for the minimization of ε2(A, b) are presented in Chapter 3.] The
parameters Aopt and bopt permit the determination of the type of phase portrait and the location of
the fixed point of φ(x, y|Aopt , bopt ), which provide a qualitative description of the oriented texture
and its focal point, respectively, in the image under investigation.

The sine of the difference between angles, as in Equation 2.9, serves as a better measure of the
difference between two orientations than the difference between the angles. For example, consider
two line segments oriented at 0◦ and 179◦ with respect to a common reference. The difference
between the angles is 179◦, whereas the sine of the difference is close to zero. The latter accurately
reflects the fact that the line segments have nearly the same orientation.

2.2.2 ANALYSIS OF LARGE ORIENTATION FIELDS
Large orientation fields may contain complex patterns that are superpositions of several simpler
patterns, resulting in the presence of multiple focal points. The approximation of real orientation
fields using Equation 2.8 is only valid locally. A general strategy to extend the method for the local
analysis of orientation fields (presented in Section 2.2.1) to the analysis of large orientation fields is to
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analyze the large orientation field at multiple locations, and to accumulate the obtained information
in a form that permits the identification of the various relevant structures present in the overall
orientation field.

Rao and Jain [44] proposed the following method for the analysis of large orientation fields:

1. Create three images of the same resolution as that of the image or orientation field under
analysis. These three images will be referred to as phase portrait maps. Initialize the phase
portrait maps to zero.

2. Move a sliding analysis window throughout the orientation field. For every position of the
analysis window, perform the following steps:

(a) Use the procedure described in Section 2.2.1 to find the optimal parameters Aopt and
bopt that best describe the orientation field under the analysis window.

(b) From Aopt and bopt , determine the type of phase portrait and the fixed point location
associated with the orientation field under the analysis window.

(c) Select the phase portrait map corresponding to the phase portrait type determined above.
Increment the value present at the pixel nearest to the fixed-point location.This procedure
will be referred to as vote casting.

After all votes are cast, the phase portrait maps may be analyzed to detect the presence of
patterns in the given image or orientation field. If a portion of the orientation field is comprised of
orientations radiating from a central point, in a manner similar to a node pattern, it is expected that
the node map will contain an agglomeration of votes close to the geometrical focus of the observed
pattern. Likewise, the presence of patterns that are similar to saddle or spiral patterns will cause
agglomerations of votes in the respective phase portrait maps.

2.3 ILLUSTRATIVE EXAMPLES
2.3.1 SYNTHETIC TEST IMAGES
In order to illustrate the technique described in Section 2.2.2, three synthetic test images exhibiting
oriented texture were created. Each image is associated with a specific type of phase portrait. The
images were created as follows:

1. A vector field �v(x, y) of size 512 × 512 pixels was created, for a given set of parameters A and
b, using Equation 2.6. Each vector was subsequently normalized to unit length.

2. A blank image of size 512 × 512 pixels was created, and subsequently filled with randomly
placed salt noise [36], that is, white pixels. The amount of salt noise was 5% of the total
number of pixels in the image.The noisy image was blurred using a Gaussian filter of standard
deviation 2 pixels, resulting in an image Iorig(x, y).
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3. An image with oriented texture was obtained by simulating the following differential equation
over time:

∂ρ(x, y, t)

∂t
+ ∇ · (ρ(x, y, t) �v(x, y)) = Iorig(x, y) ,

with the initial condition ρ(x, y, 0) = 0. This equation known as the continuity equation,
or conservation-of-mass equation in fluid mechanics [47]. The noise image Iorig(x, y) is
interpreted as a constant source of matter, and the generated matter flows through space with
the velocity �v(x, y). The differential equation was simulated over the interval t = 0 to t = 20
(arbitrary units of time), and the final oriented texture image is given as I (x, y) = ρ(x, y, 20).

The magnitude M(x, y) and angle θ(x, y) components of the orientation field of I (x, y) were
obtained using the real Gabor filter bank described in Section 1.2.2. The filter bank is composed
of 180 filters, spanning the range of orientations 0◦ to 179◦ in steps of 1◦. The parameters of each
individual filter were τ = 4 pixels and l = 8.

The textured image and the orientation field components were trimmed to a size of 256 × 256
pixels, by retaining only the central portion of each component. This step was performed in order to
avoid border effects at the edges of M(x, y) and θ(x, y). The resulting textured test images I (x, y)

and magnitude images M(x, y) are shown in Figure 2.2.
The trimmed orientation field was analyzed using the procedure described in Section 2.2.2.

The size of the analysis window was 10 × 10 pixels, which was slid one pixel per step. The phase
portrait maps obtained were filtered with a Gaussian filter of standard deviation equal to 6 pixels, in
order to aggregate votes that were in close proximity.

The resulting phase portrait maps can be observed in Figure 2.2. It is seen that there is a
concentration of votes at the center of the phase portrait map corresponding to the type of phase
portrait associated with each test image. It can also be noticed that votes have been cast in the
phase portrait maps that do not correspond to the type of the phase portrait of each test image.
Nevertheless, the miscast votes have been spread across the corresponding phase portrait map, and
they do not result in the presence of a peak in the map that is as prominent as the peak present at
the center of the correct phase portrait map.

2.3.2 ANALYSIS OF A MAMMOGRAPHIC ROI
The procedure for the analysis of large orientation fields, described in Section 2.2.2, was applied to a
mammographic region of interest (ROI) exhibiting architectural distortion (from image mdb115 in
the Mini-MIAS database).The analysis window size was 44 × 44 pixels, which was slid one pixel per
step over the ROI of size 230 × 230 pixels. It can be observed in Figure 2.3 that the votes cast in the
node map are less scattered than those cast in the saddle and spiral maps. Furthermore, the maximum
value in the node map is larger than the maxima of the other two maps. This example illustrates
that the phase portrait methodology can be useful in the detection of architectural distortion in
mammograms.
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Phase portrait type Node Saddle Spiral

Matrix A
[

1 0
0 2

] [
1 0
0 −1

] [
1 1

−1 1

]

Test image

Magnitude field

Figure 2.2 (cont.)
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Phase portrait type Node Saddle Spiral

Node map

[0, 0.46] [0, 0.30] [0, 0.11]

Saddle map

[0, 0.20] [0, 1.29] [0, 0.31]

Spiral map

[0, 0.18] [0, 0.11] [0, 0.31]

Figure 2.2: 256 × 256-pixel images corresponding to the experiment described in Section 2.3.1. Matrix
A: the matrix A used in the generation of each test image. Test image: images displaying oriented texture.
Magnitude field: the magnitude component of the orientation field of each test image. Node, saddle,
and spiral maps: the corresponding phase portrait maps. The values shown below each map indicate its
amplitude range.
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(a) (b) (c)

(d) (e) (f )

Figure 2.3: Analysis of an ROI from the image ‘mdb115’, which includes architectural distortion (see
Figures 4.4 and 4.4): (a) ROI of size 230 × 230 pixels (46 × 46 mm); (b) magnitude image; (c) orien-
tation field superimposed on the original ROI, with needles drawn for every 10th pixel; (d) node map,
with intensities mapped from [0, 123] to [0, 255]; (e) saddle map, [0, 22] mapped to [0, 255]; (f ) spiral
map, [0, 71] mapped to [0, 255]. The intensity values in each map correspond to the number of votes
accumulated at each location. Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Char-
acterization of architectural distortion in mammograms”. IEEE Engineering in Medicine and Biology
Magazine, 24(1):59–67, January 2005. © IEEE
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2.4 REMARKS
This chapter presented the general methodology for the analysis of oriented texture using phase
portraits, originally developed by Rao and Jain [44], as well as the application of the method to a set
of test images and to a mammographic ROI displaying architectural distortion.

A study on optimization techniques for the fitting of the phase portrait model to a given
orientation field is presented in Chapter 3. Methods for the detection of architectural distortion in
full mammograms using phase portraits analysis are presented in Chapter 4.





43

C H A P T E R 3

Optimization Techniques for
Phase Portrait Analysis

3.1 INTRODUCTION

The analysis of oriented texture using phase portraits, as described in Chapter 2, requires the mini-
mization of the error measure given in Equation 2.10 over the space of the model parameters. This
is a nonlinear, nonconvex optimization problem, and practical experience shows that irrelevant local
minima can lead to convergence to inappropriate results. As a consequence, the oriented texture
under analysis may be incorrectly represented.

Rao and Jain [44, 45] used a nonlinear least-squares algorithm for the optimization of the
model parameters. Other authors have investigated faster optimization procedures based on a linear
approximation of the error measure [48,49].Algorithms for local-minimum search (such as nonlinear
least-squares [50]) rely on an initial estimate of the optimal set of parameters, and improve upon
the given estimate towards a local minimum of the objective function (i.e., the error measure). The
dependence on initialization may render the local search algorithms inadequate for the application
to phase portrait estimation.

In this chapter, a new optimization algorithm is presented, called the iterative linear least-
squares algorithm [49, 51], for the accurate estimation of the phase portrait parameters, for a given
orientation field. The performance of the new algorithm is investigated and compared with the
performance of four optimization algorithms: linear least-squares [48], nonlinear least-squares [44],
simulated annealing [52], and particle swarm optimization [53]. The algorithms are evaluated and
compared in terms of the error between the estimated parameters and the parameters known by
design, in the presence of noise in the orientation field and imprecision in the initialization of the
parameters. The computational effort required by each algorithm is also assessed.

3.2 THE OPTIMIZATION PROBLEM

In this section, we analyze the error measure ε2(A, b), given in Equation 2.10.The analysis presented
here will serve as the basis for the development of a new optimization procedure for the minimization
of the error measure. Consider the phase portrait model presented in Equation 2.6, and reproduced
here for convenience:
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�v =
(

vx

vy

)
= A

(
x

y

)
+ b ,

where

A =
[

a b

c d

]
, b =

[
e

f

]
.

The orientation field generated by the phase portrait model is defined in Equation 2.8, and
reproduced in the following:

φ(x, y|A, b) = arctan

(
vy

vx

)
.

From Equation 2.6, we have

sin(φ(x, y|A, b)) = vy√
v2
x + v2

y

= cx + dy + f√
v2
x + v2

y

, (3.1)

and

cos(φ(x, y|A, b)) = vx√
v2
x + v2

y

= ax + by + e√
v2
x + v2

y

. (3.2)

From Equations 3.1 and 3.2, it follows that multiplying the parameters of the phase portrait
model (the matrix A and the vector b) by a constant does not change the orientation field generated
by the phase portrait model.

Let us define xi and yi as the x and y coordinates of the ith pixel, 1 ≤ i ≤ N . Let us also
define θi = θ(xi, yi), and φi = φ(xi, yi |A, b). As discussed in Chapter 2, the error between the
angle of the phase portrait obtained from the model and the angle derived from the image at the ith

pixel, named the local error measure, is defined as

ri = sin(θi − φi), (3.3)

which could be expanded as

ri = sin(θi) cos(φi) − cos(θi) sin(φi). (3.4)

Using Equations 3.1, 3.2, and 3.4, we obtain

ri = (xi sin θi)a + (yi sin θi)b + (sin θi)e√
(vx)

2
i + (vy)

2
i

+ (−xi cos θi)c + (−yi cos θi)d + (− cos θi)f√
(vx)

2
i + (vy)

2
i

. (3.5)
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The error vector is given by r = [r1, r2, · · · , rN ]T , and the sum of the squared error is given by

ε2(A, b) = rT r =
N∑

i=1

r2
i . (3.6)

Minimization of ε2(A, b) leads to the optimal phase portrait parameters that describe the
orientation field of the image under analysis.

3.3 OPTIMIZATION PROCEDURES

3.3.1 LINEAR LEAST-SQUARES
Shu and Jain [48] proposed the use of a linear least-squares algorithm to find the optimal phase
portrait parameters, using an orientation field error formulation that is different from that given in
Equation 3.6. The following derivation developed by us [49] differs from the derivation given by
Shu and Jain, while arriving at the same final equations for the linear least-squares procedure. The
present derivation leads to the iterative linear least-squares method for the optimization of phase
portrait parameters [49], which is presented in Section 3.3.2.

Let us define a modified error measure at the ith pixel as si = ri

√
(vx)

2
i + (vy)

2
i . Then, from

Equation 3.5, we obtain

si = (xi sin θi)a + (yi sin θi)b + (−xi cos θi)c + (−yi cos θi)d + (sin θi)e + (− cos θi)f, (3.7)

which is a linear function of the phase portrait parameters. The modified error vector is defined as
s = [s1, s2, · · · , sN ]T , and the sum of the squared error for the orientation field is

ε2
l (A, b) = sT s . (3.8)

A trivial solution to the problem of minimizing ε2
l (A, b) is to set all of the parameters [a, b, c, d, e, f ]

to zero; in order to avoid the trivial solution, the constraint a2 + b2 + c2 + d2 = 1 is imposed. A
linear least-squares algorithm can be used to estimate the optimal parameters of the phase portrait
model in order to minimize ε2

l (A, b), with the formulation as follows.
Define the parameter vectors u = [a, b, c, d]T and v = [e, f ]T , and the matrices

U =

⎡
⎢⎢⎢⎣

x1 sin θ1 y1 sin θ1 −x1 cos θ1 −y1 cos θ1

x2 sin θ2 y2 sin θ2 −x2 cos θ2 −y2 cos θ2
...

...
...

...

xN sin θN yN sin θN −xN cos θN −yN cos θN

⎤
⎥⎥⎥⎦ , V =

⎡
⎢⎢⎢⎣

sin θ1 − cos θ1

sin θ2 − cos θ2
...

...

sin θN − cos θN

⎤
⎥⎥⎥⎦ .
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Then, the error vector is given as

s = Uu + Vv. (3.9)

Imposing the constraint uT u = a2 + b2 + c2 + d2 = 1, the constrained optimization prob-
lem is to minimize the cost function

P = sT s + λ(uT u − 1) = (Uu + Vv)T (Uu + Vv) + λ(uT u − 1), (3.10)

where λ is the Lagrange multiplier. Differentiating P with respect to u, v, and λ yields

∂P

∂u
= 2UT Uu + 2UT Vv + 2λu = 0,

∂P

∂v
= 2VT Vv + 2VT Uu = 0,

∂P

∂λ
= uT u − 1 = 0.

Solving the system of equations above for the variables u and v, we obtain

uT u = 1, (3.11)
v = −(VT V)−1VT Uu, (3.12)


u = λu, (3.13)

where 
 = UT V(VT V)−1VT U − UT U. Substituting the above equations into the cost function,
we obtain P = −λ. Therefore, the optimal u vector is the eigenvector of 
 associated with the
largest eigenvalue. Using Equation 3.12, the solution for v is obtained from the optimal value of u.

3.3.2 ITERATIVE LINEAR LEAST-SQUARES
Observe that the linear least-squares procedure minimizes the modified error measure ε2

l (A, b) in
Equation 3.8, instead of the original error measure ε2(A, b) in Equation 3.6.We propose an iterative,
weighted estimation algorithm [49] to achieve improved minimization of the original error ε2(A, b),
based on the linear least-squares algorithm presented above. Let Dj be an N × N diagonal matrix,
which we shall call as the correction matrix, with the diagonal elements defined as

di,i = 1√
(vx)

2
i + (vy)

2
i

. (3.14)

Let M be the number of iterations (predetermined empirically as M = 5). The algorithm
proceeds as follows:
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1. Set D0 = I, the identity matrix.

2. For j = 1 to M

(a) Apply the correction matrix to the data matrices: replace U by Dj−1U, and V by Dj−1V .

(b) Estimate the parameters [a, b, c, d, e, f ].
(c) Evaluate Dj with the new estimated parameters.

Notice that the iterative algorithm reduces to that of Shu and Jain [48] for M = 1. The
computational cost of each iteration is small, compared to the use of the nonlinear least-squares
method as proposed by Rao and Jain [44]. As a consequence, it is possible to iterate the algorithm
in a practical situation without excessive computational burden.

At each iteration, it is expected that the algorithm will result in an improved estimate of the
true parameters of the phase portrait model. However, due to the fact that the algorithm requires a
correction factor that is inversely proportional to the magnitude of �v(x, y), numerical instabilities
are possible. Hence, the algorithm is limited to a fixed number of iterations. Potential improvements
to the procedure include the incorporation of a regularization term to avoid numerical instabilities.

3.3.3 NONLINEAR LEAST-SQUARES
In their work on the analysis of oriented texture using phase portraits, Rao and Jain [44] used a non-
linear least-squares algorithm for the minimization of the error measure.The nonlinear least-squares
algorithm is a local-minimum search procedure where the nonlinear function to be minimized is
formed by the sum of squared functions. A general formulation of the nonlinear least-squares pro-
cedure is as follows. Let ε(z) be a function to be minimized of the vector of variables z, given by the
sum of squared functions fi(z) as follows:

ε(z) = 1

2

N∑
i=1

fi(z) = 1

2
||f (z)||2 ,

where f (z) = [f1(z), f2(z), · · · , fN(z)]T , and ||.|| denotes the L2-norm of the vector. All nonlinear
least-squares methods proceed from an initial guess z0 of the optimal parameters, and at each
iteration, the following linearized optimization problem is solved:

minimize η(�z) = 1

2
||f (zi ) + J�z|| ,

where J is the Jacobian matrix of f (z) computed at zi , and �z is a step in the parameter space towards
an improved estimate. The next estimate of the optimal parameters is given by zi+1 = zi + α�z,
where α is the step size. The parameter α is computed differently in each variation of the nonlinear
least-squares algorithm,and it represents a balance between faster convergence (greater α) and higher
stability (smaller α).
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In the context of the estimation of the phase portrait parameters, f (z) = r, where z =
[a, b, c, d, e, f ]T .The nonlinear least-squares algorithm used in this investigation is the Levenberg-
Marquardt method [50], implemented in the GNU Scientific Library [54], a collection of routines
for numerical computation.

3.3.4 SIMULATED ANNEALING
The simulated annealing algorithm [52] is a global optimization procedure.The algorithm is iterative,
and at each iteration, a new estimate of the optimal parameters is computed by taking a random
step of limited length in the parameter space, from the current parameter vector.The new parameter
vector is accepted as a new estimate of the optimal parameters if it represents an improved solution
(the value of the function to be minimized is smaller at the new parameter vector than that at the
current parameter vector). If the new parameters correspond to a worse solution, the parameters
may be accepted with a probability that decreases as the computation proceeds. If the probability
of accepting a worse solution is decreased at a slow rate as the iterations progress, the algorithm
will converge to the global optimum of the function being optimized. The algorithm is presented in
Figure 3.1 in pseudo-code for greater clarity.

3.3.5 PARTICLE SWARM OPTIMIZATION
The particle swarm optimization algorithm constructs an analogy between the behavior of a swarm
of insects, searching for the optimal site on a feeding ground, and the search for the optimal point
of a function. The algorithm was developed by Kennedy and Eberhart [53] (see also Clerc and
Kennedy [55]), and it has been shown to be successful in various applications where global opti-
mization is required. Figure 3.2 gives a pseudo-code description of the particle swarm optimization
algorithm.

3.4 COMPARATIVE ANALYSIS OF THE OPTIMIZATION
PROCEDURES

The performance of the four optimization procedures described in Section 3.3 was investigated using
three orientation fields of size 41 × 41 pixels, generated according to the parameters in Table 3.1.
Uniformly distributed noise was added to the orientation field angles.The phase portrait parameters
were estimated from the noisy orientation fields, for several levels of noise, using each optimization
procedure. Four combined approaches were also investigated for the estimation of the phase portrait
parameters as follows:

• Each of the linear least-squares, iterative linear least-squares, simulated annealing, and particle
swarm optimization procedures was applied to find an initial estimate of the optimal phase
portrait parameters.
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Simulated Annealing algorithm
Input:

• a function f (z) to be minimized over the parameter space of the vector z

• R: cooling rate

• z0: an initial estimate of the optimal parameters

• N : number of cooling cycles

• T : initial temperature

• randomstep(): a function that returns a random vector of limited length in the parameter space

• rnd(): a function that returns a random real number in the interval [0, 1]
Output

• zopt : final estimate of the optimal parameters of f (z)

Algorithm

zopt ← z0

for k = 1 to N

znew ← zopt + randomstep()

if f (znew) < f (zopt )

zopt ← znew

else

if rnd() < exp
(
−f (znew)−f (zopt )

T Rk

)
zopt ← znew

end

end

end

Figure 3.1: Pseudo-code description of the simulated annealing algorithm.
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Particle Swarm Optimization algorithm
Input:

• a function f (z) to be minimized over the parameter space of the vector z

• Niter : number of iterations

• Npart : number of particles

• φ1, φ2, χ : parameters of the algorithm [55]

• rnd(): a function that returns a random real number in the interval [0, 1]
Output

• zopt : final estimate of the optimal parameters of f (z)

Algorithm

Initialize randomly positions xi and velocities vi for each particle. Set best visited position
of each particle as pi = xi . Set pbest to the value of pi that minimizes f (pi ) over the set of
particles.

for k = 1 to Niter

– Update the velocity of each particle as
vi ← χ

(
vi + φ1

(
pi − xi

)
rnd() + φ2

(
pbest − xi

)
rnd()

)
– Update the position of each particle as xi = xi + vi

– Update pi for each particle

– Update pbest

end

zopt = pbest

Figure 3.2: Pseudo-code description of the particle swarm optimization algorithm algorithm. The pa-
rameters of the algorithm were chosen as φ1 = 2.05, φ2 = 2.05, and χ = 0.8543, as recommended by
Clerc and Kennedy [55]. The number of particles was chosen empirically as 500, and the number of
iterations as 40.
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• The nonlinear least-squares procedure was used to improve further the estimate of the phase
portrait parameters from the preceding step.

The nonlinear least-squares (except in the combined approaches) and the simulated annealing al-
gorithms were initialized with the following values:

A0 =
[ √

2 0
0

√
2

]
and b0 =

[
0
0

]
.

The performance of the optimization algorithms was measured in terms of the error in the
estimated parameters, as well as the distance between the estimated fixed-point location and the
true fixed-point location (fixed-point error, in pixels). The computational time required by each
optimization procedure was also recorded.

The parameter error is defined as follows. Let p be the true parameter vector, and q be the
estimated parameter vector. The error between the parameter vectors is defined as

Parameter error = 1 − | < p, q > |
‖p‖‖q‖ , (3.15)

where < p, q > is the dot product of p and q.
The parameter error, fixed-point error, and computational time were measured for each noise

level and test pattern. Each experiment was repeated 100 times, and the results averaged. The range
of noise was varied from [−5, 5] to [−45, 45] degrees. The noise amplitude varied from 0 to 45
degrees.

Figures 3.3, 3.4, and 3.5 illustrate the results obtained for each test pattern in one set of
experiments.The computational time required by each method is shown in Table 3.2.The following
observations were made:

• The simulated annealing method yielded low fixed-point and parameter errors in all tests, and
the fixed-point error was almost the same for all noise levels.

• The linear least-squares and the iterative linear least-squares methods resulted in fixed-point
and parameter errors that increased with the noise level. The iterative linear least-squares
method outperformed the linear least-squares method in terms of fixed-point error. The two
methods are comparable in terms of parameter error.

• The nonlinear least-squares algorithm performed differently between the tests. A good per-
formance in both fixed-point and parameter errors was observed with the node and spiral
patterns, but a poor performance was obtained with the saddle pattern.

• All of the combined approaches yielded the same performance in terms of fixed-point and
parameter errors, with the exception of an increased error for the linear least-squares method
at higher noise levels with the spiral pattern. The performance of the combined methods was
superior to those of the corresponding individual optimization procedures.
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Table 3.1: Parameters of the orientation field generated
for each test. The location of the fixed point is x0. Re-
produced with permission from F. J. Ayres and R. M.
Rangayyan. “Optimization procedures for the estimation
of phase portrait parameters of orientation fields”. In
E. R. Dougherty, J. T. Astola, K. O. Egiazarian, N. M.
Nasrabadi, and S. A. Rizvi, editors, Proceedings of SPIE
Electronic Imaging 2006, volume 6064, San Jose, CA,
2006. © SPIE
Test # A x0 Type

1
[

1 0
0 1.5

] [
10
10

]
node

2
[

1 0
0 −1.5

] [
10
10

]
saddle

3
[

1 −1
1 1

] [
10
10

]
spiral

• The linear and the iterative linear least-squares methods are the fastest procedures. The simu-
lated annealing procedure is the slowest method, with a running time one order of magnitude
higher than that of the nonlinear least-squares and the combined approaches involving the
linear and the iterative linear least-squares methods.
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Table 3.2: Execution time for the optimiza-
tion methods. LIN: Linear least-squares.
ILIN: Iterative linear least-squares. SA: Sim-
ulated annealing. PSO: Particle swarm op-
timization. NLS: Nonlinear least-squares.
LIN + NLS: combined method using the
linear least-squares followed by the non-
linear least-squares method. ILIN + NLS:
combined method using the iterative lin-
ear least-squares followed by the nonlinear
least-squares method. SA + NLS: combined
method using the simulated annealing fol-
lowed by the nonlinear least-squares method.
PSO + NLS: combined method using the
particle swarm optimization followed by the
nonlinear least-squares method. The com-
puter used is a Dell Precision 360 worksta-
tion, with an Intel Pentium IV 3.2 GHz
CPU (2MB cache) and 2 GB of RAM. Re-
produced with permission from F. J. Ayres
and R. M. Rangayyan. “Optimization pro-
cedures for the estimation of phase portrait
parameters of orientation fields”. In E. R.
Dougherty, J. T. Astola, K. O. Egiazarian, N.
M. Nasrabadi, and S. A. Rizvi, editors, Pro-
ceedings of SPIE Electronic Imaging 2006,
volume 6064, San Jose, CA, 2006. © SPIE
Method Test pattern

node saddle spiral
LIN < 1 ms < 1 ms < 1 ms
ILIN < 1 ms < 1 ms < 1 ms
SA 0.11 s 0.11 s 0.11 s
PSO 1.05 s 1.05 s 1.05 s
NLS 0.03 s 0.28 s 0.04 s
LIN + NLS 0.02 s 0.02 s 0.08 s
ILIN + NLS 0.02 s 0.02 s 0.06 s
SA + NLS 0.13 s 0.13 s 0.17 s
PSO + NLS 1.08 s 1.08 s 1.10 s
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Figure 3.3 (cont.)
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Figure 3.3: Results of the experiment with the node test pattern. (a) The original orientation field with
41 × 41 pixels. (b) The orientation field corrupted by uniformly distributed angle noise in the range
[−30, 30] degrees. (c) The fixed-point error for each optimization procedure. (d) The parameter error for
each optimization procedure. (e)The fixed-point error for the combined procedures (as listed inTable 3.2).
(f ) The parameter error for the combined procedures. For (e) and (f ): the nonlinear least-squares method
was applied in combination with each of the remaining four procedures. The four plots in (e) and (f )
overlap completely. (Solid line: linear least-squares; dashed line: iterative linear least-squares; dash-dot
line: simulated annealing; solid-with-crosses: particle swarm optimization; dotted line: nonlinear least-
squares. deg: degrees) Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Optimization
procedures for the estimation of phase portrait parameters of orientation fields”. In E. R. Dougherty, J.
T. Astola, K. O. Egiazarian, N. M. Nasrabadi, and S. A. Rizvi, editors, Proceedings of SPIE Electronic
Imaging 2006, volume 6064, San Jose, CA, 2006. © SPIE
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Figure 3.4 (cont.)
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Figure 3.4: Results of the experiment with the saddle test pattern. (a) The original orientation field
with 41 × 41 pixels. (b) The orientation field corrupted by uniformly distributed angle noise in the range
[−30, 30] degrees. (c) The fixed-point error for each optimization procedure. (d) The parameter error for
each optimization procedure. (e)The fixed-point error for the combined procedures (as listed inTable 3.2).
(f ) The parameter error for the combined procedures. For (e) and (f ): the nonlinear least-squares method
was applied in combination with each of the remaining four procedures. The four plots in (e) and (f )
overlap completely. (Solid line: linear least-squares; dashed line: iterative linear least-squares; dash-dot
line: simulated annealing; solid-with-crosses: particle swarm optimization; dotted line: nonlinear least-
squares. deg: degrees). Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Optimization
procedures for the estimation of phase portrait parameters of orientation fields”. In E. R. Dougherty, J.
T. Astola, K. O. Egiazarian, N. M. Nasrabadi, and S. A. Rizvi, editors, Proceedings of SPIE Electronic
Imaging 2006, volume 6064, San Jose, CA, 2006. © SPIE
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Figure 3.5 (cont.)
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Figure 3.5: Results of the experiment with the spiral test pattern. (a) The original orientation field with
41 × 41 pixels. (b) The orientation field corrupted by uniformly distributed angle noise in the range
[−30, 30] degrees. (c) The fixed-point error for each optimization procedure. (d) The parameter error for
each optimization procedure. (e)The fixed-point error for the combined procedures (as listed inTable 3.2).
(f ) The parameter error for the combined procedures. For (e) and (f ): the nonlinear least-squares method
was applied in combination with each of the remaining four procedures. The four plots in (e) and (f )
overlap significantly. (Solid line: linear least-squares; dashed line: iterative linear least-squares; dash-dot
line: simulated annealing; solid-with-crosses: particle swarm optimization; dotted line: nonlinear least-
squares. deg: degrees). Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Optimization
procedures for the estimation of phase portrait parameters of orientation fields”. In E. R. Dougherty, J.
T. Astola, K. O. Egiazarian, N. M. Nasrabadi, and S. A. Rizvi, editors, Proceedings of SPIE Electronic
Imaging 2006, volume 6064, San Jose, CA, 2006. © SPIE
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3.5 REMARKS
This chapter presented a new optimization method (iterative linear least-squares) for the estima-
tion of the optimal phase portrait parameters for a given orientation field, and the results of an
investigation on the performance of the new method and four other optimization algorithms: linear
least-squares, nonlinear least-squares, simulated annealing, and particle swarm optimization. The
results lead to the following observations:

• The application of the nonlinear least-squares algorithm to the problem of phase portrait
estimation leads to results that are sensitive to the initial estimate (initialization) of the model
parameters. The initial parameters of the algorithm in the examples presented correspond to
a node pattern, which explains the good performance of the nonlinear least-squares algorithm
in the node and spiral cases. In the case of the spiral pattern, the phase portrait converges to a
central point in a manner that is similar to the case with the node test pattern.

• The linear least-squares algorithm does not require initialization; nevertheless, the algorithm
requires a linear approximation of the error measure, which reduced the precision of the
estimated parameters in some instances.

• The combined approaches resulted in similar performance, with generally improved solutions
as compared to those obtained with the application of the corresponding individual optimiza-
tion procedures. The combination of the simulated annealing and the nonlinear least-squares
methods yielded the best performance among all of the methods tested.

• The simulated annealing algorithm is more robust to variations in initialization than the
nonlinear least-squares method, while being computationally more expensive than all of the
other methods tested except the particle swarm optimization method.

• The expected computational time requirement of the iterative linear least-squares method
is higher than the time requirement of the linear least-squares method. In the experiments
illustrated in this chapter, both methods were faster than the time resolution adopted (1 ms).
The observation that the iterative linear least-squares method yielded a higher accuracy in the
estimation of the phase portrait parameters than the linear least-squares method leads to the
conclusion that the adoption of the former is preferred to the latter.

It is concluded that the application of simulated annealing followed by the nonlinear least-
squares method is the preferred optimization strategy in applications where a high level of noise is
present. When the oriented texture in the given image is clearly evident and highly coherent (the
orientation field has a local dominant orientation at every pixel), a faster optimization procedure may
be used, such as the combination of the iterative linear least-squares and the nonlinear least-squares
methods.
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C H A P T E R 4

Detection of Sites of
Architectural Distortion in

Mammograms
Among the most commonly missed signs of breast cancer is architectural distortion, which is de-
fined in the Breast Imaging Reporting and Data System (BI-RADS) [84] as follows: “The normal
architecture is distorted with no definite mass visible. This includes spiculations radiating from a
point and focal retraction or distortion at the edge of the parenchyma.” According to Homer [76]:
“Architectural distortion is a localizing sign of breast cancer produced by a desmoplastic reaction; its
presence demands an explanation. Some benign etiologies for this finding, such as previous biopsy
and inflammation can be suspected by history. If no explanation for the architectural distortion can
be elicited, biopsy is often the next indicated procedure.”

A normal mammogram is shown in Figure 4.1, and a region of interest (ROI) of the normal
mammogram is presented in Figure 4.2. It is seen that the oriented texture in the normal mam-
mogram is coherently aligned. Figure 4.3 shows a mammogram presenting architectural distortion,
made evident by the presence of radial spicules. In Figure 4.4, the region of architectural distor-
tion of the preceding mammogram is shown in enlarged detail. Observe that the density of the
fibroglandular disk partially obscures the visibility of the spicules.

Sickles [152] reported that indirect signs of malignancy (such as architectural distortion, bi-
lateral asymmetry, single dilated duct, and developing densities) accounted for almost 20% of the
detected cancers. Burrell et al. [153] observed that architectural distortion was the most commonly
missed abnormality in false-negative cases, in a study of cases of screening interval breast cancer. Ar-
chitectural distortion is a subtle abnormality, and improvements in the detection rate of architectural
distortion could increase the rate of detection of early breast cancer, and reduce the morbidity and
mortality due to breast cancer. In this chapter, we present methods for the detection of architectural
distortion in full mammograms.

4.1 THE FIRST METHOD: BASIC ANALYSIS OF THE NODE
MAP

In a preliminary study [56] on the detection of architectural distortion in mammograms, a method
was developed comprising the following steps (see the flowchart in Figure 4.5):
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Figure 4.1: Normal mammogram from the Mini-MIAS database (mdb071). True width of image =
580 pixels = 116 mm.The square box overlaid on the figure represents the ROI, shown enlarged in Figure
4.2.
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Figure 4.2: Detail of a normal mammogram (mdb071) showing the ROI marked by the box in Figure 4.1.
True width of image = 300 pixels = 60 mm.
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Figure 4.3: Architectural distortion present in a mammogram from the Mini-MIAS database (mdb115).
True width of image = 650 pixels = 130 mm. The square box overlaid on the figure represents the ROI
including the site of architectural distortion, shown enlarged in Figure 4.4. Reproduced with permission
from F. J. Ayres and R. M. Rangayyan. “Characterization of architectural distortion in mammograms”.
IEEE Engineering in Medicine and Biology Magazine, 24(1):59–67, January 2005. © IEEE
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Figure 4.4: Detail of mammogram mdb115 showing the site of architectural distortion marked by the
box in Figure 4.3. True width of image = 300 pixels = 60 mm. Reproduced with permission from F.
J. Ayres and R. M. Rangayyan. “Characterization of architectural distortion in mammograms”. IEEE
Engineering in Medicine and Biology Magazine, 24(1):59–67, January 2005. © IEEE



66 4. DETECTION OF SITES OF ARCHITECTURAL DISTORTION IN MAMMOGRAMS

• Computation of the orientation field using real Gabor filters, as described in Section 1.2.2.
The parameters of the Gabor filters are τ = 4 pixels, l = 8, and the filter bank consists of
K = 180 filters, spanning the range [−π/2, π/2] radians.

• Filtering and downsampling of the orientation field, described in Section 4.1.1.

• Phase portrait modeling of the filtered and downsampled orientation field, as described in
Section 2.2.2. The size of the analysis window employed is 10 × 10 pixels.

• Post-processing of the node map and detection of sites of architectural distortion, as described
in Section 4.1.2.

This method will be referred to as the “first method” in the rest of the chapter. An evaluation
of the performance of this method is presented in Section 4.1.3.

Gabor filtering

Detection of
architectural
distortion

Phase portrait
modeling

Figure 4.5: Flowchart for the first method for the detection of architectural distortion.

4.1.1 FILTERING AND DOWNSAMPLING THE ORIENTATION FIELD
The orientation field needs to be filtered and downsampled in order to reduce noise and also to
reduce the computational effort required for the processing of full mammograms. Let h(x, y) be a
Gaussian filter of standard deviation σf , defined as

h(x, y) = 1

2πσf

exp

[
−1

2

(
x2 + y2

σ 2
f

)]
. (4.1)
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Define the images s(x, y) = sin[2θ(x, y)] and c(x, y) = cos[2θ(x, y)], where θ(x, y) is the orien-
tation field angle. Then, the filtered orientation field angle θf (x, y) is obtained as

θf (x, y) = 1

2
arctan

(
(h ∗ s)(x, y)

(h ∗ c)(x, y)

)
, (4.2)

where the asterisk denotes convolution.
The filtered orientation field is downsampled by a factor of four, thus producing the down-

sampled orientation field θd as

θd(x, y) = θf (4x, 4y). (4.3)

The filtering procedure employed in this work is a variant of Rao’s dominant local orientation
method [45]: in our procedure, we use a Gaussian filter instead of a box filter.

4.1.2 POST-PROCESSING OF THE NODE MAP AND DETECTION IN THE
FIRST METHOD

We use a simple procedure to detect and locate sites of architectural distortion, using only the node
map, as follows:

1. The node map is filtered with a Gaussian filter of standard deviation equal to 1.0 pixel (0.8
mm).

2. The filtered node map is thresholded (the threshold value is the same for all images).

3. The thresholded image is subjected to the following series of morphological operations [57]
to group positive responses that are close to one another and to reduce each region of positive
response to a single point. The resulting points indicate the detected locations of architectural
distortion.

(a) A closing operation is performed to group clusters of points that are less than 8 mm
apart. The structural element is a disk of radius 10 pixels (8 mm).

(b) A “close holes” filter is applied to the image. The resulting image includes only compact
regions.

(c) The image is subjected to a “shrink” filter where each compact region is shrunk to a single
pixel.

The threshold value influences the sensitivity of the method and the resulting number of false
positives per image. A high threshold value reduces the number of false positives, but it also reduces
the sensitivity. A low threshold value increases the number of false positives.
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4.1.3 RESULTS OF THE FIRST METHOD
The proposed method was applied to 18 mammograms exhibiting architectural distortion, selected
from the Mini-MIAS database [42]. The mammograms are medio-lateral oblique (MLO) views,
digitized to 1024 × 1024 pixels at a resolution of 200 μm and 8 bits/pixel. Figures 4.6 and 4.7
illustrate the steps of the method, as applied to image ‘mdb115’. Observe that the filtered orientation
field (Figure 4.6d) is smoother and more coherent as compared to the original orientation field
(Figure 4.6c): the pattern of architectural distortion is better displayed in the filtered orientation
field.

The architectural distortion present in the mammogram ‘mdb115’ has a stellate or spiculated
appearance. As a consequence, a large number of votes have been cast into the node map, at a location
close to the center of the distortion, as seen in Figure 4.7a. Another point of accumulation of votes
in the node map is observed in Figure 4.7a, at the location of the nipple. This is not unexpected: the
breast has a set of lactiferous ducts that convey milk to the nipple; the ducts appear in mammograms
as linear structures converging to the nipple. Observe that the node map has the strongest response of
all maps, within the site of architectural distortion given by the Mini-MIAS database. Our technique
has resulted in the identification of two locations as sites of architectural distortion: one true positive
and one false positive, as shown in Figure 4.7d.

The free-response receiver operating characteristics (FROC) were derived by varying the
threshold level in the detection step; the result is shown in Figure 4.8. A sensitivity of 88% was
obtained at 15 false positives per image.

4.2 THE SECOND METHOD: SELECTION OF CURVILINEAR
STRUCTURES AND NODE EMPHASIS

With the aim of reducing the number of false positives, the second method [14, 58] incorporates the
following modifications with respect to the first method presented in Section 4.1 (see the flowchart
in Figure 4.9):

• Removal of the DC component present in the real Gabor filters (Section 4.2.1).

• Selection of CLS of interest, in order to reduce the amount of information unrelated to the
presence of architectural distortion in the orientation field (Section 4.2.2).

• Filtering of the orientation field incorporating both the orientation field angle and the result
of CLS selection (Section 4.2.3).

• Emphasis on the node pattern using a new term in the sum of squared errors of the phase
portrait model (Equation 2.10), in order to facilitate the detection of spiculated architectural
distortion (Section 4.2.4).

• Modifications in the post-processing and detection phase to improve the localization of sites
of architectural distortion (Section 4.2.5).
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(a) (b)

Figure 4.6 (cont.)
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(c) (d)

Figure 4.6: (a) Image ‘mdb115’ from the Mini-MIAS database. The circle indicates the location and
extent of architectural distortion, as provided in the Mini-MIAS database. (b) Magnitude image after
Gabor filtering. (c) Orientation field superimposed on the original image. Needles are drawn for every
5th pixel. (d) Filtered orientation field superimposed on the original image. Reproduced with permission
from F. J. Ayres and R. M. Rangayyan. “Detection of architectural distortion in mammograms using
phase portraits”. In J. M. Fitzpatrick and M. Sonka, editors, Proceedings of SPIE Medical Imaging 2004:
Image Processing, volume 5370, pages 587–597, San Diego, CA, February 2004. © SPIE
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(a) (b)

Figure 4.7 (cont.)
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(c) (d)

Figure 4.7: Phase portrait maps derived from the orientation field in Figure 4.6d, and the detection of
architectural distortion. (a) Node map: values are scaled from the range [0, 84] to [0, 255]. (b) Saddle
map: values are scaled from the range [0, 20] to [0, 255]. (c) Spiral map: values are scaled from the range
[0, 47] to [0, 255]. (d) Detected sites of architectural distortion superimposed on the original image:
the solid line indicates the location and spatial extent of architectural distortion as given by the Mini-
MIAS database; the dashed lines indicate the detected sites of architectural distortion (one true positive
and one false positive). Reproduced with permission from F. J. Ayres and R. M. Rangayyan. “Detection
of architectural distortion in mammograms using phase portraits”. In J. M. Fitzpatrick and M. Sonka,
editors, Proceedings of SPIE Medical Imaging 2004: Image Processing, volume 5370, pages 587–597,
San Diego, CA, February 2004. © SPIE
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Figure 4.8: Free-response receiver operating characteristic (FROC) curve for the first method for the
detection of architectural distortion. Reproduced with permission from F. J. Ayres and R. M. Rangayyan.
“Detection of architectural distortion in mammograms using phase portraits”. In J. M. Fitzpatrick and
M. Sonka, editors, Proceedings of SPIE Medical Imaging 2004: Image Processing, volume 5370, pages
587–597, San Diego, CA, February 2004. © SPIE
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The following sections provide details of the stages listed above. Section 4.2.6 presents the
results obtained in the performance evaluation of this method.

modeling

Gabor filtering

CLS selection

Detection of
architectural
distortion

Phase portrait

Figure 4.9: Flowchart for the second method for the detection of architectural distortion. Dashed line
indicates procedures that are modified with respect to the first method, shown in Figure 4.5.Dash-and-dot
line indicates a procedure that exists in the second method but not in the first method.

4.2.1 REMOVAL OF THE DC COMPONENT IN THE GABOR FILTERS
The Gabor filter has a nonzero magnitude response at the origin of the frequency plane (DC
frequency).Consequently, the low-frequency components of the mammographic image being filtered
may influence the result of the Gabor filter. Such influence will not affect the computation of the
orientation field angle since the same influence will appear at all angles. However, the nonzero
DC response will cause the orientation field magnitude to exhibit values that are affected by the
low-frequency content of the image. It is desirable to reduce the influence of the low-frequency
components of the mammographic image in the orientation field magnitude, since the low-frequency
components are not related to the presence of oriented structures in the image. Therefore, the
mammographic image is high-pass filtered prior to the extraction of the orientation field.The high-
pass filtering step is achieved by computing the difference between the original mammographic
image and a low-pass-filtered version of the same image. The low-pass filter employed is a Gaussian
filter with σLPF = σy (as defined in Section 1.2.2) and unit gain at the origin of the frequency plane.
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4.2.2 SELECTION OF CURVILINEAR STRUCTURES
The Gabor filter bank is sensitive to linear structures, such as spicules and fibers. However, the filter
bank also recognizes strong edges in the image as oriented features. Examples of strong edges in
mammographic images are the edges of the pectoral muscle, edges of the parenchymal tissue, and
vessel walls. Strong edges around the fibroglandular disk [59] may be of interest in the detection of
focal retraction, a particular form of architectural distortion [60]. Nevertheless, in our method, it is
desirable that only linear structures related to fibroglandular tissue are identified as oriented features.

The importance of identifying CLS for the detection of architectural distortion lies in the
amount of information present in the configuration of the CLS. The analysis of CLS present in
mammograms may improve the performance of algorithms for the detection of spiculated masses
and architectural distortion, as suggested by Zwiggelaar et al. [16]. In a complementary manner,
CLS could be identified and suppressed from mammographic images to facilitate the detection of
masses [61].

The method for the selection of CLS implemented in this work includes three stages: seg-
mentation of the breast area, detection of core CLS pixels, and rejection of CLS pixels at sites with
a strong gradient [58].

The breast area is first segmented by the thresholding method of Otsu [62]. Although im-
proved methods for the delineation of the breast boundary using active contour models have been
proposed by Ferrari et al. [63], a simpler approach as above is adequate for the present application.
Pixels outside the breast area are removed from further consideration at this stage.

The core CLS pixels are detected using the nonmaximal suppression (NMS) technique [64]
applied to the magnitude image. The NMS algorithm identifies the core CLS pixels by comparing
each pixel in the magnitude image with its neighbors along the direction that is perpendicular to the
local orientation field angle; see Figure 4.10. If the pixel under investigation has a larger magnitude
value than the corresponding neighbors, the pixel is considered to be a core CLS pixel. Nonmaximal
suppression is a common step in many edge detectors (e.g., the Canny edge detector [65]), and
Zwiggelaar et al. [16] used NMS, as described in this section, for the detection of CLS pixels.

The core CLS pixels associated with the presence of strong gradients are rejected.The rejection
procedure implemented in this work follows the pixel rejection criteria proposed by Karssemeijer and
te Brake [15], in the context of the detection of spiculated lesions.The gradient of the mammographic
image is obtained using the first derivative of a Gaussian with a standard deviation of five pixels (1
mm). The direction of the gradient is computed, and compared to the direction of the orientation
field, for each core CLS pixel.The core CLS pixel is discarded if the difference between the direction
of the orientation field and the direction perpendicular to the gradient is less than π/6. It is assumed
that the presence of a strong gradient causes a ripple in the magnitude image, leading to an erroneous
detection of a CLS.

Curvilinear structures present within the fibroglandular disk will exhibit reduced contrast
as compared to similar CLS outside the fibroglandular disk. As a consequence, CLS within the
fibroglandular disk will present smaller magnitude field values than those of CLS outside the fi-
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Figure 4.10: NMS technique: the elongated rectangle denotes the presence of a CLS,whereas the squares
denote pixels along a direction perpendicular to the CLS orientation. The shaded square indicates a core
CLS pixel.
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broglandular disk. In order to assign the same weight to all CLS, independent of location, the
magnitude field M(x, y) is replaced by an image composed of the core CLS pixels, MCLS(x, y),
defined as follows:

MCLS(x, y) =
{

1 if the pixel at (x, y) is a core CLS pixel
0 otherwise.

(4.4)

This procedure ensures that important CLS with low contrast, such as spicules within the fibroglan-
dular disk, are not missed by the algorithm. Figures 4.11 and 4.12 show the results of CLS selection
with a full mammogram and an ROI, respectively.

(a) (b)

Figure 4.11: NMS and CLS results overlaid on a full mammographic image. (a) NMS results. (b) CLS
results (after CLS rejection).

The image MCLS(x, y) conveys information on the presence of CLS. The magnitude of the
detected CLS is of lesser importance, since the presence of architectural distortion is indicated by
the geometrical arrangement of the CLS, rather than their intensity.
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(a) (b)

Figure 4.12: NMS and CLS results overlaid on a mammographic ROI. (a) NMS results. (b) CLS results
(after CLS rejection).
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4.2.3 FILTERING AND DOWNSAMPLING THE ORIENTATION FIELD
The orientation field is filtered and downsampled in a manner similar to that described in Sec-
tion 4.1.1, but replacing the definition of s(x, y) and c(x, y) by the following equations:

s(x, y) = MCLS(x, y) sin[2θ(x, y)] (4.5)

and
c(x, y) = MCLS(x, y) cos[2θ(x, y)]. (4.6)

Also, the orientation field magnitude is obtained as

M(x, y) = (h ∗ MCLS)(x, y) , (4.7)

with h(x, y) as in Equation 4.1. The resulting angle and magnitude fields have a resolution of
0.8 mm/pixel.

4.2.4 ESTIMATING THE PHASE PORTRAIT MAPS
A penalty term is included to facilitate the detection of stellate (spiculated) architectural distortion.
The penalty term is given by

ε2
node(A) = 1000

[
(a − d)2 + 4bc

]2
, (4.8)

where

A =
[

a b

c d

]
, (4.9)

which associates a higher penalty with configurations of the matrix A that deviate from a stellate
node appearance. The sum of the squared error is given by

ε2(A, b) =
∑
x

∑
y

M(x, y) sin2(θ(x, y) − φ(x, y|A, b)) + ε2
node(A) , (4.10)

where the range of the summation indices x and y is the set of the pixel locations within the analysis
window. Estimates of A and b that minimize ε2(A, b) are obtained as follows:

1. Initial estimates ASA and bSA of A and b are obtained through the minimization of ε2(A, b)

using simulated annealing [52].

2. A nonlinear least-squares algorithm [66] is used to refine the estimates ASA and bSA obtained
in the previous step, producing the optimal estimates Aopt and bopt .

The type of phase portrait is determined by the eigenvalues of Aopt ; the fixed-point location
is given by Equation 2.5, using the optimal values Aopt and bopt . A vote is cast in the corresponding
phase portrait map, at the location of the fixed point, if the following conditions are met:
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• Both eigenvalues of A are not zero, in order to prevent numerical instabilities in the compu-
tation of A−1.

• The distance from the center of the analysis window to the fixed-point location is less than 20
pixels (16 mm).

This process is repeated for every position of the analysis window.

4.2.5 DETECTION OF ARCHITECTURAL DISTORTION
In this method, we use a procedure to detect and localize sites of architectural distortion, using only
the node map, as follows:

1. A Gaussian filter with an empirically determined standard deviation of 6 pixels (4.8 mm) is
applied to the node map in order to reduce noise. This step leads to real values in the node
map, instead of integers equal to the the numbers of votes cast.

2. The filtered node map is processed with a morphological gray-scale opening procedure [57]
with a circular structuring element of radius 10 pixels (8 mm) to eliminate peaks in the filtered
node map that are closer than 8 mm to a locally dominant peak.

3. The peaks of the resulting image are detected, and a threshold is applied to eliminate false
positives. The remaining peaks, if any, indicate the potential sites of architectural distortion.

The threshold value influences the sensitivity of the method and the number of false positives
per image. A high threshold value reduces the number of false positives, but it also reduces the
sensitivity. A low threshold value increases the number of false positives. Various values of the
threshold may be used to generate an FROC curve [67]. A detected site of architectural distortion is
considered to be a true-positive detection if its location is within the extent of architectural distortion
given in the Mini-MIAS database [42].

4.2.6 RESULTS OF THE SECOND METHOD
The proposed methodology was applied to 19 mammograms exhibiting architectural distortion,
from the Mini-MIAS database [42]. All images with architectural distortion in the MIAS database
were used in this study. The mammograms are MLO views, digitized to 1, 024 × 1, 024 pixels at a
resolution of 200 μm and 8 bits/pixel.

The application of the Gabor filtering method of Section 1.2.2 is illustrated in Figures 4.13b
and 4.14a, which correspond to the magnitude and the angle components, respectively, of the ori-
entation field of image ‘mdb115’ (Figure 4.13a). Observe that the directional structures present in
the mammogram are enhanced in the magnitude image. Also, notice that the filtered orientation
field angle (Figure 4.14b) is smoother and more coherent as compared to the original orientation
field angle (Figure 4.14a). As a result, the pattern of architectural distortion is displayed better in
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(a) (b)

Figure 4.13: (a) Image ‘mdb115’ from the Mini-MIAS database.The dashed circle indicates the location
and extent of architectural distortion, as provided in the database. (b) Magnitude image after Gabor
filtering and removal of the DC component. Reproduced with permission from R. M. Rangayyan and F.
J. Ayres. “Gabor filters and phase portraits for the detection of architectural distortion in mammograms”.
Medical and Biological Engineering and Computing, 44:883–894, August 2006. © Springer

the angle component of the orientation field: there is a convergence of lines towards the center of
the indicated site of architectural distortion in Figure 4.14b.

The architectural distortion present in the mammogram ‘mdb115’ has a stellate or spiculated
appearance. As a consequence, a large number of votes have been cast into the node map, at a location
close to the center of the distortion, as seen in Figure 4.14c.

Small sites of architectural distortion may result in a proportionately lower number of votes
cast, and hence reduce the detectability of the lesion. Figures 4.15 and 4.16 illustrate this phe-
nomenon. It can be observed in Figure 4.15b and 4.16b that the pattern of architectural distortion
is virtually indistinct from the remaining areas of the breast. As a consequence, the node map does
not exhibit a prominent peak within the site of architectural distortion.

The FROC curve was derived by varying the threshold level in the detection step; the result is
shown in Figure 4.17. A sensitivity of 84% was obtained at 7.8 false positives per image, improving
upon the performance of the first method.
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(a) (b)

(c)

Figure 4.14: (a) Orientation field superimposed on the image ‘mdb115’ from the Mini-MIAS database.
Needles are drawn for every 10th pixel. (b) Filtered orientation field superimposed on the original image.
(c) Filtered node map: values are scaled from the actual range of [0, 0.53] to [0, 255]. The dashed circle
indicates the site of architectural distortion. Reproduced with permission from R. M. Rangayyan and F.
J. Ayres. “Gabor filters and phase portraits for the detection of architectural distortion in mammograms”.
Medical and Biological Engineering and Computing, 44:883–894, August 2006. © Springer
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(a) (b)

Figure 4.15: (a) Image ‘mdb130’ from the Mini-MIAS database. The dashed circle indicates the lo-
cation and extent of architectural distortion, as provided in the database. (b) Magnitude image after
Gabor filtering. Reproduced with permission from R. M. Rangayyan and F. J. Ayres. “Gabor filters and
phase portraits for the detection of architectural distortion in mammograms”. Medical and Biological
Engineering and Computing, 44:883–894, August 2006. © Springer
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(a) (b)

(c)

Figure 4.16: (a) Orientation field superimposed on the image ‘mdb130’ from the Mini-MIAS database.
Needles are drawn for every 10th pixel. (b) Filtered orientation field superimposed on the original image.
(c) Filtered node map: values are scaled from the actual range of [0, 0.24] to [0, 255]. The dashed circle
indicates the site of architectural distortion. Reproduced with permission from R. M. Rangayyan and F.
J. Ayres. “Gabor filters and phase portraits for the detection of architectural distortion in mammograms”.
Medical and Biological Engineering and Computing, 44:883–894, August 2006. © Springer
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Figure 4.17: FROC curve for the second method for the detection of architectural distortion. FP =
false positives. Reproduced with permission from R. M. Rangayyan and F. J. Ayres. “Gabor filters and
phase portraits for the detection of architectural distortion in mammograms”. Medical and Biological
Engineering and Computing, 44:883–894, August 2006. © Springer
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4.3 THE THIRD METHOD: SHAPE-CONSTRAINED PHASE
PORTRAIT MODEL

The third and final variant of the method for the detection of architectural distortion [68, 69] (see
the flowchart in Figure 4.18) incorporates the following modifications:

• The matrix A in Equation 2.7 is replaced by a symmetric matrix model (Section 4.3.1).

• The post-processing and detection phase incorporates the condition number of A into the
vote-casting procedure (Section 4.3.2).

The results of evaluation of performance of the third method are presented in Section 4.3.3.

Gabor filtering

Detection of
architectural
distortion

Phase portrait
modeling

CLS selection

Figure 4.18: Flowchart for the third method for the detection of architectural distortion. Solid line
indicates procedures that remain unmodified with respect to the second method, shown in Figure 4.9.
Dashed line indicates procedures that are modified with respect to the second method method.

4.3.1 ADOPTION OF A SYMMETRIC MATRIX A
The general model in Equation 2.6 may lead to synthetic orientation fields that are unsuitable for
the description of practical orientation fields in a specific application of interest. If the eigenvalues
of A differ significantly in magnitude, or if the inner angle between the eigenvectors of A is small,
the orientation field generated by the phase portrait model may degenerate into a pattern comprised
of almost parallel lines.
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The condition number of a matrix is the ratio between its largest and smallest singular values,
and it is related to the degree of numerical precision achievable in the process of inverting the matrix.
For a symmetric matrix, the singular values are equal to the absolute values of the eigenvalues. The
condition number is always greater than or equal to one. A high condition number of a given matrix
indicates that the corresponding inverse matrix will be highly sensitive to small perturbations in the
original matrix.Thus, the geometrical focus of the pattern (given by the fixed-point location) cannot
be established accurately. A singular matrix will have an infinite condition number, and it is related to
a phase portrait pattern without a fixed point. (Therefore, in a practical application, a high condition
number may indicate that the orientation field under analysis has no significant geometrical focus.)
The examples in Figures 4.19 and 4.20 illustrate how the condition number of the model matrix A
influences the appearance of the corresponding orientation field.

The condition number can, therefore, be incorporated into our algorithm for the detection of
architectural distortion as a measure of the suitability of the related phase portrait pattern: Figure 4.21
illustrates examples to support this argument. In detail A, the line segments or needles (representing
the orientation field within the observation window) convey the impression of convergence to a
focal point, which, in this case, is within the site of architectural distortion. The condition number
associated with the orientation field in detail A is 2.05, indicating that the eigenvalues of A have
comparable magnitudes.The orientation field observed in detail B is comprised of almost a constant
angle (parallel lines), and it does not give the impression of convergence. The corresponding value
of the condition number is 55.44, denoting a significant imbalance between the magnitudes of the
eigenvalues of A.

In the present (third) method, the phase portrait model is modified to impose orthogonality
of the eigenvectors. The matrix A in Equation 2.7 is replaced by the following symmetric matrix
model:

A =
[

a b

b c

]
. (4.11)

Then, the eigenvectors of A are mutually orthogonal, and the eigenvalues of A are real-
valued [70]. Since the eigenvalues of the constrained matrix A are real-valued, only node and saddle
phase portraits can be generated using this model. The exclusion of spiral patterns is appropriate for
the present application to mammograms since such patterns were not observed in the test dataset.

4.3.2 VOTE CASTING AND DETECTION
In the vote-casting phase, unsuitable phase portrait models are rejected based on the condition
number of A: a phase portrait model is deemed to be unsuitable for further analysis if the condition
number κ is greater than 3.0. The limit on the condition number ensures that the precision in the
determination of the fixed-point location will not be affected by ill-conditioning of A. Furthermore,
as discussed in Section 4.3.1, a high condition number also indicates that no fixed-point location
should be assigned to the orientation field pattern under analysis.
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Eigenvalues
Inner angle between the eigenvectors

90o 45o 10o

λ1 = 1
λ2 = 1

1.0 1.0 1.0

λ1 = 1
λ2 = 3

3.0 4.4 46.2

λ1 = 1
λ2 = 20

20.0 38.1 600.6

Figure 4.19: Influence of the inner angle between the eigenvectors and the ratio of the eigenvalues
of the matrix A in the phase portrait model on the appearance of the orientation field. Only node
patterns are displayed. The number shown under each orientation field is the condition number of the
corresponding matrix A (see Section 4.3.1). Reproduced with permission from F. J. Ayres and R. M.
Rangayyan. “Reduction of false positives in the detection of architectural distortion in mammograms
by using a geometrically constrained phase portrait model”. International Journal of Computer-Assisted
Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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Eigenvalues
Inner angle between the eigenvectors

90o 45o 10o

λ1 = 1
λ2 = −1

1.0 5.8 130.6

λ1 = 1
λ2 = −3

3.0 8.5 174.9

λ1 = 1
λ2 = −20

20.0 42.1 729.2

Figure 4.20: Influence of the inner angle between the eigenvectors and the ratio of the eigenvalues
of the matrix A in the phase portrait model on the appearance of the orientation field. Only saddle
patterns are displayed. The number shown under each orientation field is the condition number of the
corresponding matrix A (see Section 4.3.1). Reproduced with permission from F. J. Ayres and R. M.
Rangayyan. “Reduction of false positives in the detection of architectural distortion in mammograms
by using a geometrically constrained phase portrait model”. International Journal of Computer-Assisted
Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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Detail (A)

Detail (B)

Figure 4.21: (left) Image ‘mdb115’ from the Mini-MIAS database with the orientation field superim-
posed (black lines or needles). The dashed circle indicates the site of architectural distortion. The image
resolution is 800 μm/pixel. Needles are drawn every five pixels. Detail (A) from the orientation field
(size 10 × 10 pixels): condition number = 2.05. Detail (B) from the orientation field (size 10 × 10 pix-
els): condition number = 55.44. In both details A and B, needles are drawn for every pixel. Reproduced
with permission from F. J. Ayres and R. M. Rangayyan. “Reduction of false positives in the detection of
architectural distortion in mammograms by using a geometrically constrained phase portrait model.” In-
ternational Journal of Computer-Assisted Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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The fixed point location is obtained for the estimated phase portrait model, at each position
of the analysis window, and the distance from the center of the analysis window to the fixed-point
location is computed. If the distance is less than five pixels (4 mm) or greater than 20 pixels (16
mm), the phase portrait under the current analysis window is rejected. This option for rejection is
due to the following observations:

• Regions of architectural distortion are not expected to include a dense core or mass. However,
the geometrical patterns associated with architectural distortion may be present at the periphery
of the region and not extend to its center. Regardless, the central regions of sites of architectural
distortion could contain patterns related to other areas of the breast superimposed in the
mammogram; the lower limit of 4 mm in the distance-to-fixed-point constraint is included
to prevent false positives due to such interfering patterns.

• The fixed-point location cannot be accurately determined when the distance from the center of
the analysis window to the fixed-point location is large, with respect to the size of the analysis
window.

If both conditions for the suitability of the phase portrait (condition number and distance
to fixed point) are satisfied, then a vote is cast at the fixed-point location in one of the two phase
portrait maps: node or saddle. The magnitude of the vote is given by the ratio of the measure of fit
ε2(A, b) (defined in Equation 2.10) to the condition number of A, thus emphasizing the isotropy of
the phase portrait. Finally, the node map is filtered with a Gaussian window with σ = 6 pixels (4.8
mm) in order to group votes that are placed in close proximity (since votes related to the presence of a
pattern of architectural distortion may be scattered over a small region, rather than grouping exactly
at the same location in the corresponding phase portrait map), and analyzed to detect peaks that are
related to the sites of architectural distortion. The saddle map was observed to lack discrimination
across the mammograms tested and was eliminated from further consideration.

The results of application of the third method are illustrated in Figure 4.22, for a mammogram
exhibiting architectural distortion (Figure 4.22a). It can be observed that the node map (Figure 4.22b)
presents a distinct response at the site of architectural distortion.

4.3.3 RESULTS OF THE THIRD METHOD

Experiment 1:

The proposed method was applied to all of the 19 mammograms in the Mini-MIAS
database [42] containing architectural distortion, with the inclusion of 41 normal mammograms
from the same database. Figure 4.23 shows the resulting FROC curve (solid line). A sensitivity of
84% was obtained at 4.5 false positives per image, and a higher sensitivity of 95% was obtained at
9.9 false positives per image. A threshold value of κ = 3 on the condition number of A was used in
this experiment, as described in Section 4.3.1.
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(a) (b)

Figure 4.22: Results obtained using the third method. (a) Mammographic image (‘mdb115’ from the
Mini-MIAS database) exhibiting architectural distortion. (b) Node map after Gaussian filtering (σ =
4.8 mm). The dashed circle indicates the site of architectural distortion. Reproduced with permission
from F. J. Ayres and R. M. Rangayyan. “Reduction of false positives in the detection of architectural
distortion in mammograms by using a geometrically constrained phase portrait model.” International
Journal of Computer-Assisted Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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The FROC curve obtained with the application of our second method for the detection of
architectural distortion (Section 4.2), with no constraint on A related to symmetry or condition
number, to the same dataset, is also shown in Figure 4.23 (dashed line). It can be observed that the
detection performance of the third method is significantly better than that of the second method.

The effect of the threshold on the condition number on detection performance is illustrated
in Figure 4.24. The FROC curves were obtained using different threshold values: κ = 2 (solid line)
and κ = 5 (dashed line). The adoption of a lower threshold value than κ = 3 leads to a performance
where the false-positive rate is reduced to eight per image at a sensitivity of 95%; however, at a lower
sensitivity of 84%, the false-positive rate is 6.7 per image. A threshold of κ = 5 on the condition
number results in a poorer performance than that obtained with either κ = 2 or κ = 3, as indicated
by the FROC curve shown in Figure 4.24 (dashed line).
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Figure 4.23: FROC curve for the detection of sites of architectural distortion, using the Mini-MIAS
dataset with 19 cases of architectural distortion and 41 normal cases. FP = False positives. Solid line:
third method. Dashed line: second method. The FROC curve for the third method was obtained using
a threshold κ = 3 on the condition number of the matrix A. Reproduced with permission from F. J.
Ayres and R. M. Rangayyan. “Reduction of false positives in the detection of architectural distortion
in mammograms by using a geometrically constrained phase portrait model.” International Journal of
Computer-Assisted Radiology and Surgery, 1(6):361–369, April 2007. © Springer

Experiment 2:
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Figure 4.24: Effect of the threshold on the condition number on the detection performance of the third
method. Solid line: κ = 2. Dashed line: κ = 5. Reproduced with permission from F. J. Ayres and R. M.
Rangayyan. “Reduction of false positives in the detection of architectural distortion in mammograms
by using a geometrically constrained phase portrait model.” International Journal of Computer-Assisted
Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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An independent evaluation of the performance of the proposed algorithm was conducted
with iCAD — a company that manufactures CAD systems for mammography [71]. A dataset of
37 mammograms of biopsy-proven cases of architectural distortion was provided by iCAD, without
any information regarding the presence and location of architectural distortion. In a correspondence
after the analysis of the results, the following description of the dataset was provided: “The data set is
comprised of 37 biopsy-proven architectural distortion images. A majority of the 37 cancers exhibit
a spiculation signature. Approximately 50% of the lesions are obvious and should not be missed;
an additional 25% are apparent, but not trivial. The remaining lesions are mainly architectural
distortions without a definite spiculation signature — a very challenging class.”

The third method was applied to the images provided. No changes were made to the method,
and the same parameters as in Experiment 1 were used. The location and intensity of the top 20
peaks in the node map were recorded for each image. This information was sent to iCAD where it
was compared with the ground-truth information. FROC analysis was conducted by iCAD, and the
resulting FROC curve is given in Figure 4.25. A sensitivity of 81% was obtained at 10 false positives
per image, and a higher sensitivity of 92% was achieved with 17 false positives per image. These
results need to be analyzed in relation to the description of the dataset provided by iCAD: 25%
of the cases do not have a definite signature of spiculation, and they would require a low detection
threshold that incurs a high false-positive rate. It was observed by iCAD that the proposed method
detected the locations of spiculated architectural distortion with good spatial accuracy, but it did not
work well with images not exhibiting spiculated distortion. This indicates the need to incorporate
other models in the procedure to address other patterns of architectural distortion.

4.4 REMARKS
In this chapter, three methods for the detection of architectural distortion were presented. Each
method builds upon its predecessor: as a consequence, the statistical performance of the developed
methods improves from the first method to the second, and from the second to the third method.

The adoption of a constrained phase portrait model with a symmetric matrix A and the
incorporation of the condition number of A into the vote-casting procedure resulted in improved
quality of information related to sites of architectural distortion in the node map, and a consequent
reduction in the false-positive rate in the detection of architectural distortion. An experiment was
conducted comparing the performance of the third shape-constrained method with the second
method, where it was demonstrated that the shape-constrained method yields better performance.
A blind experiment was also conducted with mammograms provided by iCAD: the results of this
experiment indicate that the third method described in this chapter is promising in the detection of
spiculated architectural distortion.
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Figure 4.25: FROC curve for the detection of sites of architectural distortion (third method) with the
dataset of 37 cases of architectural distortion provided by iCAD. Reproduced with permission from F.
J. Ayres and R. M. Rangayyan. “Reduction of false positives in the detection of architectural distortion
in mammograms by using a geometrically constrained phase portrait model.” International Journal of
Computer-Assisted Radiology and Surgery, 1(6):361–369, April 2007. © Springer
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A P P E N D I X A

Computer-aided diagnosis of
breast cancer

A.1 SCREENING FOR BREAST CANCER

Breast cancer is the most frequently diagnosed cancer in women. According to the National Cancer
Institute of Canada, the lifetime probability of developing breast cancer is one in 8.9, and the lifetime
probability of death due to breast cancer is one in 26.8 [72]. Breast cancer has the highest prevalence
among all cancers in the female population, with 1.0% of all women living with the disease [72].

Early detection of breast cancer is of utmost importance: localized cancer leads to a five-year
survival rate of 97.5%, whereas cancer that has spread to distant organs has a five-year survival rate
of only 20.4% [73]. Breast self-examination is not adequate: many studies indicate that there is no
evidence of a reduction in the mortality rate from breast cancer in women who practice regular breast
self-examination, compared to those who do not [74, 75].

Mammography is, at present, the best available examination for the detection of early signs
of breast cancer [74]. It can reveal pronounced evidence of abnormality, such as masses and cal-
cifications, as well as subtle signs such as bilateral asymmetry and architectural distortion [76].
Mammographic screening has been shown to be effective in reducing breast cancer mortality rates:
screening programs have reduced mortality rates by 30% to 70% [77], [78, chapter 19]. Cady and
Chung [79] discuss the value of mammographic screening programs, highlighting the reduction in
mortality achieved by several screening programs in Sweden, the Netherlands, the United Kingdom,
Finland, Italy, and the United States. The drawbacks of screening are also discussed, such as the
higher incidence of unnecessary biopsies, cost and quality of interpretation of mammograms versus
the experience of the radiologists, and the psychological consequences of errors, such as the anxiety
caused by a false-positive result and the wrongful reassurance provided by a false-negative test. It
has been concluded that the benefits of screening surpass the drawbacks, and that the practice of
mammographic screening must be encouraged and expanded.

However, interpreting screening mammograms is not easy: the sensitivity of screening mam-
mography is affected by image quality and the radiologist’s level of expertise. Another factor that
affects a radiologist’s performance is the high volume of cases examined in a screening program.
The lack of expert radiologists to analyze mammograms in remote or rural areas is also a matter of
concern. Bird et al. [80] estimated the sensitivity of screening mammography to be between 85% and
90%. Misinterpretation of breast cancer signs accounted for 52% of the errors, and overlooking signs
corresponded to 43% of the missed abnormalities. In a study by van Dijck et al. [81], minimal signs
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of abnormalities were found to be present on screening mammograms taken previously in many
cases of screen-detected cancers. Double reading of screening mammograms was found to provide
greater sensitivity than single reading without increasing recall rates, in a comparative analysis by
Blanks et al. [82], but the manpower required may render such an approach impractical.

A.2 MAMMOGRAPHIC SIGNS OF BREAST CANCER
A mammogram is an X-ray projection image of the breast. A summary description of the mammo-
graphic image acquisition process is as follows:

• The breast is compressed between two Plexiglas or plastic plates, and irradiated using low-
energy X rays in a direction perpendicular to the compression plates (typical peak voltage: 24
– 26 kVp [83]).

• The X rays are partially absorbed and scattered by the breast tissue. The degree of absorption
increases with the density of the material being irradiated.

• The intensity pattern of the X rays after traversing the breast is registered on a film. Recently,
digital acquisition systems have been developed, where the X-ray intensity is measured by
high-resolution image sensors and recorded digitally.

The projection nature of mammography results in an image where the anatomical features
of the breast are superimposed. Compression of the breast during the imaging process assists in
reducing the superposition of mammary structures by spreading them, and also aids in the selection
of optimal radiation parameters.

The presence of breast cancer is manifested in mammographic images as various possible signs
of abnormality; a list of some signs of breast cancer is given below.

• Calcifications: Calcifications are deposits of calcium in the breast tissue that may indicate
the presence of breast cancer. Calcium, being denser than normal breast tissues, will cause
calcifications to appear in mammograms as bright objects. The possible appearances of cal-
cifications are described in the BI-RADS lexicon [84] as follows: “Benign calcifications are
usually larger than calcifications associated with malignancy. They are much coarser, often
round with smooth margins and are much more easily seen. Calcifications associated with
malignancy are usually very small and often require the use of a magnifying glass to see them
well.”

• Masses: The presence of breast cancer causes a desmoplastic reaction in the breast tissue,
which can be observed in mammographic images as a bright (dense) object (although generally
not as bright as calcifications). The BI-RADS describes the shape of a mass as round, oval,
lobular, or irregular. The margin of a mass can be described as circumscribed (well-defined
or sharply defined), microlobulated, obscured (when segments of the margin are hidden by
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the superposition of adjacent normal tissue), indistinct, or spiculated (lines, or spicules, are
observed to be radiating from the margins of the mass).

• Bilateral asymmetry:The occurrence of cancer may cause a modification in the overall appear-
ance of the breast in a mammographic image. This modification is evidenced by differences
in the distribution of density or the organization of fibroglandular tissue between the left and
right breasts, even when more pronounced signs of cancer are not present (such as calcifications
and masses).

• Architectural distortion: A localized sign of abnormality, manifested by the presence of a
distortion in the normal architecture of the breast with no mass visible. See Chapter 4 for
more details on architectural distortion.

Due to the superposition of anatomical features in the mammographic image, and the subtle
nature of early signs of breast cancer, the analysis of mammograms is considered to be a difficult
task, requiring that radiologists specialize in reading mammograms in order to increase the detection
rates of the disease.

The development of new algorithms for CAD of breast cancer is an active research field [36,
85, 86, 171, 172], particularly in regard to the detection of subtle abnormalities in mammograms,
and in spite of the success of a few commercial CAD systems [71, 174] in the improvement of the
rates of detection of breast cancer. A substantial record of research exists in the literature regarding
the detection and classification of masses and calcifications.These problems are generally considered
to be well studied, and new developments must meet or exceed the high standards of performance
set by the existing algorithms. Furthermore, commercial CAD systems have achieved a satisfactory
degree of effectiveness in the detection of masses and calcifications. Nevertheless, certain areas of
research in CAD of breast cancer still demand attention.

A relatively small number of researchers (as compared to the number of researchers who
have conducted works related to masses and calcifications) have concentrated their attention on the
problem of detecting architectural distortion in the absence of a central mass. Most of the published
efforts are directed toward a more general category of abnormalities, such as spiculated lesions, which
encompasses some of the possible appearances of architectural distortion. Other lines of research
that require more attention include the analysis of bilateral asymmetry, curvilinear structures (CLS),
and breast density as a predictor of the risk of breast cancer. In a larger context, areas of interest
related to CAD of breast cancer include the development of systems for content-based retrieval of
mammograms, indexed atlases, and data-mining systems. Full-field digital mammography systems
could facilitate the routine application of the techniques mentioned above. The following sections
provide brief reviews of the areas mentioned above [173].
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A.3 ENHANCEMENT OF MAMMOGRAMS

The enhancement of mammographic images could improve the accuracy of detection of early signs
of breast cancer. For reviews on image enhancement in mammography, see Rangayyan [36], Mor-
row et al. [87], and Rangayyan et al. [88].

Diagnostic features in mammograms, such as masses and calcifications, may be small and
have low contrast with respect to the surrounding breast tissues. Such attributes could render the
diagnostic features hard to detect. Contrast enhancement techniques can improve the ability of a
radiologist to perceive subtle diagnostic features, leading to earlier, more accurate diagnosis of breast
cancer. Contrast enhancement can improve the quality of an otherwise unsatisfactory mammogram,
as stated by Ram [89],who further indicated that the application of contrast enhancement techniques
in a clinical situation may reduce the radiation dose by about 50%.

Traditional image enhancement techniques [36, 184] have been applied to radiography for
more than three decades. Chan et al. [90] investigated the application of unsharp masking for digital
mammography. Receiver operating characteristics (ROC) studies were conducted, and it was shown
that unsharp masking improved the detectability of calcifications in digital mammograms. However,
the method increased noise and caused some artifacts in the images.

Classical image enhancement techniques are often global transformations, i.e., techniques
that do not adapt to the local information content in an image. There is significant variability in
the size and shape of diagnostic features in mammograms, and classical techniques often perform
poorly in enhancing various sections of a given mammogram. Therefore, it is necessary to devise
adaptive contrast enhancement algorithms for mammographic images, where the transformation is
adapted to the local context of the given image. Laine et al. [91] presented a method for nonlinear
contrast enhancement based on multi-resolution representation and the use of dyadic wavelets.

Gordon and Rangayyan [92] were the first to report on the use of adaptive-neighborhood
image processing to enhance mammographic image contrast. Rangayyan and Nguyen [93] defined
a tolerance-based method for growing foreground regions that could have arbitrary shapes rather
than square shapes. Morrow et al. [87] further developed this approach with a new definition of
background regions. The adaptive-neighborhood contrast enhancement (ANCE) algorithm works
as follows: each pixel in the digitized mammographic image is taken as the seed pixel in a region
growing procedure. The region growing procedure identifies the set of pixels that are similar and
connected to the seed pixel (called the foreground region), as well as a three-pixel wide ribbon of
pixels surrounding the foreground region (called the background region). The new value of the
seed pixel in the contrast-enhanced image is determined by using the contrast value between the
foreground and the background regions. Figure A.1 illustrates the result of the ANCE algorithm
applied to a mammogram displaying a cluster of calcifications.

Dhawan et al. [94] investigated the benefits of various contrast transfer functions in an al-
gorithm for contrast enhancement using square adaptive neighborhoods. The evaluated contrast
transfer functions included ln (1 + 3C), 1 − exp(−3C),

√
C, and tanh(3C), where C is the original

contrast. They found that while a suitable contrast function was important to bring out the features



A.4. SEGMENTATION OF MAMMOGRAMS AND ANALYSIS OF BREAST DENSITY 101

of interest in mammograms, it was difficult to select such a function. Dhawan and Le Royer [95]
proposed a tunable contrast enhancement function for improved enhancement of mammographic
features.

It is important to distinguish between the effect of enhancement algorithms on the detection
of the presence of features such as microcalcifications in an image, as against their effects on the
diagnostic conclusion about a subject. Some image enhancement techniques may improve the visi-
bility of diagnostic features, but distort their appearance and shape characteristics, possibly leading
to misdiagnosis [96].

Rangayyan et al. [88, 97] investigated the performance of their ANCE algorithm in increasing
the sensitivity of breast cancer diagnosis by using ROC analysis and McNemar’s tests [36]. A set of
78 screen-film mammograms of 21 difficult cases (14 malignant and seven benign) and another set
of 222 screen-film mammograms of 28 interval cancer patients and six benign control cases were
digitized with a resolution of about 4096 × 2048 × 10-bit pixels, and subsequently processed with
the ANCE algorithm. The original films, as well as the corresponding unprocessed and processed
digital images, were presented to six experienced radiologists for an ROC analysis of the difficult-
case set, and to three radiologists for analysis of the interval-cancer set. It was observed that the
radiologists’ performance improved with ANCE processing, with respect to both film and digital
image reading, in terms of the area under the ROC curve. It was also observed that the diagnostic
sensitivity was improved by the ANCE algorithm. McNemar’s tests of symmetry indicated that the
diagnostic confidence for the interval-cancer cases was improved by the ANCE technique with a
high level of statistical significance (p = 0.0001 to 0.005), with no significant effect on the diagnosis
of the benign control cases (p-values of 0.08 to 0.1).

Sivaramakrishna et al. [98] compared the performance of several contrast enhancement al-
gorithms in a preference study. The compared algorithms were: ANCE [87], adaptive unsharp
masking [99], contrast-limited adaptive histogram equalization [100], and wavelet-based enhance-
ment [101]. In a majority of the cases with microcalcifications, the ANCE algorithm provided the
most-preferred images. In the case of images with masses, the unenhanced (original) images were
preferred in most of the cases.

A.4 SEGMENTATION OF MAMMOGRAMS AND ANALYSIS
OF BREAST DENSITY

It has been observed that increased breast density is generally associated with a higher risk of devel-
opment of cancer [102]. Many researchers have investigated computer methods for the assessment
of the risk of development of breast cancer via automated analysis of breast density. Byng et al. [103]
computed the skewness of histograms of 24 × 24 pixel (3.12 × 3.12 mm) sections of mammograms.
An average skewness was computed for each image by averaging over all the section-based skewness
measures of the image. Mammograms of breasts with increased fibroglandular density were observed
to have histograms skewed toward higher density, resulting in negative skewness. On the other hand,
mammograms of fatty breasts tended to have positive skewness. The fractal dimension of the breast
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(a) (b)

Figure A.1: (a) Part of a mammogram with a cluster of calcifications; true size 43 × 43 mm. (b) Result of
adaptive-neighborhood contrast enhancement. Reproduced with permission from W.M. Morrow, R.B.
Paranjape, R.M. Rangayyan, and J.E.L. Desautels, “Region-based contrast enhancement of mammo-
grams", IEEE Transactions on Medical Imaging, 11(3):392–406, 1992. © IEEE.

image was also computed: the image was interpreted as a relief map and the fractal dimension was
computed using the box-counting method. The skewness and the fractal dimension measures were
found to be useful in predicting the risk of development of breast cancer.

Caulkin et al. [104] observed that breast cancer occurs more frequently in the upper and outer
quadrants of the breast, and that the majority of cancers are associated with glandular rather than
fatty tissues. Therefore, the detection of different anatomical structures in the breast (such as fatty
tissue, the fibroglandular disc, and the pectoral muscle), could facilitate the analysis of the risk of
development of breast cancer, as well as the detection of early breast cancer. However, most of the
proposed techniques for CAD of breast cancer analyze the whole mammogram, without considering
the observation that signs of breast cancer may have different appearances in different regions. Based
upon these observations, some researchers have proposed methods to segment and also to model
mammograms in terms of anatomical regions.

Karssemeijer [105] used the Hough transform to identify the pectoral muscle as a straight-
line edge in the mammogram. Ferrari et al. [106] proposed two methods for the identification
of the pectoral muscle in mammograms. The first method is a variant of Karssemeijer’s method,
which employs the Hough transform and filtering applied to the accumulator cells. However, the
hypothesis of a straight line for the representation of the pectoral muscle edge is not always valid,
and may impose limitations on subsequent stages of image analysis.The second method proposed by
Ferrari et al. [106], based upon directional filtering using Gabor wavelets, overcomes this limitation.
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Saha et al. [107] employed scale-based fuzzy connectivity methods to segment dense regions
from fatty regions in mammograms. The segmented dense and fatty regions were quantified by
measuring the respective area and total density, and a set of features was derived from these measures.
The features were linearly correlated between the MLO and the cranio-caudal (CC) views in order to
demonstrate the inter-view similarity.The precision in the segmentation was measured by comparing
the automatically segmented contours of the dense regions with manually delineated references
drawn by experienced radiologists. The method was tested on 60 cases, each case including the
MLO and CC projections. The method was found to be robust in the segmentation of dense
regions, and the authors observed the density features to be strongly correlated between the MLO
and CC views.

Several authors have reported on techniques for the delineation of the breast boundary. Fer-
rari et al. [63] developed a method for the identification of the breast boundary using active contour
models, in which the mammogram is first contrast-enhanced and thresholded, producing an initial
chain-code representation of the breast boundary. The final boundary is obtained by the application
of a specially tailored active contour model algorithm. The method was applied to 84 MLO mam-
mograms from the Mini-MIAS database [42]. The evaluation of the breast contours obtained by
this method was performed based upon the percentage of false-positive and false-negative pixels, in
comparison to contours that were manually drawn by a radiologist. The average false-positive and
false-negative rates were 0.41% and 0.58%, respectively.

Ferrari et al. [59] proposed a method to segment the fibroglandular disc in mammograms
based upon the Gaussian mixture model. In this method, prior to the detection of the fibroglandular
disc, the breast boundary and the pectoral muscle are detected using other methods developed by the
authors [63, 106] (mentioned above).The fibroglandular disc is detected by defining a breast density
model. The parameters of the model are estimated using the expectation-maximization algorithm
and the minimum-description-length principle.A qualitative assessment of the segmentation results,
performed by an experienced radiologist, resulted in 64.3% of the results being rated as excellent,
16.7% rated as good, 10.7% rated as average, 4.7% rated as poor, and only 3.6% of the results as
failed segmentation.

The prior segmentation and removal of the pectoral muscle from mammograms (MLO views)
as well as the detection of the breast boundary and removal of artifacts outside the breast region in
mammograms (as described above) should lead to improved analysis of the density of the breast.
Furthermore, accurate delineation of the fibroglandular disc and statistical representation of the
various types of tissue within the breast using a Gaussian mixture model [59] should improve the
accuracy and extend the scope of analysis of breast density.The approach described above could lead
to improvements in the prediction of the risk of development of breast cancer based upon screening
mammograms.
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A.5 DETECTION AND CLASSIFICATION OF
MICROCALCIFICATIONS

The detection and classification of microcalcifications has been extensively studied, with many au-
thors reporting on several successful approaches to this task. A recent survey by Cheng et al. [108]
lists almost 200 references on computer-aided detection and classification of microcalcifications, in-
cluding methods for the visual enhancement of microcalcifications, segmentation, detection, analysis
of malignancy, and strategies for the evaluation of detection algorithms.

Shen et al. [109] proposed a method for the detection and classification of mammographic
calcifications. The method starts with a multi-tolerance region-growing procedure for the detection
of potential calcification regions and the extraction of contours. Shape features based on central
moments, Fourier descriptors, and compactness are then extracted. Finally, a neural network is used
for the classification of the feature vectors in order to distinguish between malignant and benign
calcifications. The correct classification rates for benign and malignant calcifications were 94% and
87%, respectively [109]. In a related work [110] on the investigation of shape features and a more
extensive analysis of classification of calcifications, a classification accuracy of 100% was obtained for
both benign and malignant calcifications with a database containing 143 biopsy-proven calcifications
(79 malignant and 64 benign).

Bankman et al. [111] reported on the use of a region-growing-based algorithm for the seg-
mentation of calcifications that did not require threshold or window selection, and compared their
algorithm to the aforementioned multi-tolerance method of Shen et al. as well as to an active contours
method. A theoretical analysis of the computational complexity of each method was presented, along
with computer execution times for comparison.The authors found that all of the three methods had
similar statistical performance; however, their own algorithm outperformed the other methods in
terms of computational effort.

Strickland [112] developed a two-stage method based on wavelet transforms for the detection
and segmentation of microcalcifications. In this method, the detection of calcifications is performed
in the wavelet domain. The detected sites are enhanced in the wavelet domain, prior to the compu-
tation of the inverse wavelet transform. The appearance of microcalcifications is enhanced by this
procedure; a threshold procedure suffices to segment the calcifications. The test database consisted
of 40 mammograms, and a sensitivity of 91% at three false positives per image was obtained.

El-Naqa et al. [113] used support vector machines to detect microcalcification clusters. The
algorithm was tested using 76 mammograms, containing 1, 120 microcalcifications. A sensitivity of
94% was reported, at one false positive per image. An improvement of the method was published
by Wei et al. [114] using a relevance vector machine. A database of 141 mammograms containing
microcalcifications was used to test the algorithm. The method achieved a sensitivity of 90% at one
false positive per image.The statistical performance of the method was similar to that of the method
of El-Naqa et al. [113], but the authors reported a 35-fold improvement in computational speed.

Yu et al. [115] used a wavelet filter for the detection of microcalcifications, and a Markov
random field model to obtain textural features from the neighborhood of every detected calcifica-
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tion. The Markov-random-field-based textural features, along with three auxiliary textural features
(the mean pixel value, the gray-level variance, and a measure of edge density), were used to reject
false positives. The method was evaluated using 20 mammograms containing 25 areas of clustered
microcalcifications. A sensitivity of 92% was obtained, at 0.75 false positive per image.

Yu and Guan [116] developed a technique for the detection of clustered microcalcifications
that is comprised of two parts: detection of potential microcalcification pixels, and delineation
of individual microcalcifications by the elimination of false positives. The first part involves the
extraction of features based on wavelet decomposition and gray-level statistics, followed by a neural-
network classifier. The detection of individual objects required a vector of 31 features related to
gray-level statistics and shape factors, followed by a second neural-network classifier. A database of
40 mammograms containing 105 clusters of calcifications was used to assess the performance of the
proposed algorithm: a sensitivity of 90% was attained with 0.5 false positive per image.

Soltanian-Zadeh et al. [117] compared four groups of features according to their discriminant
power in separating microcalcifications into the benign and malignant categories.The microcalcifica-
tions were segmented using an automated method, and several features were extracted. Each feature
belonged to one of the following four categories: multi-wavelet-based features, wavelet-based fea-
tures, Haralick’s texture features [118], and shape features. Within each group, a feature-selection
procedure based on genetic algorithms was employed to identify the most-suitable features for use
with a k-nearest-neighbor classification scheme. The classification performance of each group of
features was then determined using ROC analysis. The area under the ROC curve obtained ranged
from 0.84 to 0.89, and it was observed that the multi-wavelet features yielded the best performance,
followed by the shape features.

Serrano et al. [119, 185] and Acha et al. [120] proposed a method for the detection of calcifi-
cations based upon the error of a two-dimensional (2D) adaptive linear prediction algorithm [121]
applied to the mammographic image. The method is based upon the observation that a microcal-
cification can be seen as a point of nonstationarity in an approximately homogeneous region or
neighborhood in a mammogram; such a pixel cannot be predicted well by the linear predictor, and
hence leads to a high error. The algorithm detects and localizes calcifications, and a multi-tolerance
region-growing algorithm [109] is employed to delineate each calcification. The results of this pro-
cedure are illustrated in Figure A.2 for a part of a mammogram with calcifications. It can be observed
that the calcifications are correctly delineated in Figure A.2c, despite the poor contrast between the
calcifications and the dense breast tissue in the background.

A.6 DETECTION AND CLASSIFICATION OF MASSES
Several techniques have been developed for the detection and classification of breast masses in mam-
mograms. The commercial CAD systems available at present incorporate some of these techniques,
and there is mounting evidence in the scientific literature that such systems perform adequately.
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Brzakovic et al. [122] reported on the use of a fuzzy pyramid linking technique for mass
localization and shape analysis for false-positive elimination. Evaluation of the method was carried
out on a small database of 25 mammographic images, leading to a classification accuracy of 85%.

Figure A.2: (a) Mammogram section with malignant calcifications; 234 × 137 pixels with a resolution
of 160 μm/pixel. (b) Seed pixels detected by thresholding the prediction error (marked in black). (c) Con-
tours of the calcification regions detected by region growing from the seed pixels in (b). Reproduced with
permission from C. Serrano, J.D.Trujillo, B. Acha, and R.M. Rangayyan, “Use of 2D linear prediction er-
ror to detect microcalcifications in mammograms”, CDROM Proceedings of the II Latin American Congress
on Biomedical Engineering, Havana, Cuba, 23–25 May 2001. © Cuban Society of Bioengineering.

Kegelmeyer et al. [123] proposed an algorithm for the detection of spiculated lesions that
employed four Laws texture measures [124] and a new feature sensitive to stellate patterns. The test
database consisted of 85 cases,with 49 normal cases and 36 positive cases; a total of 330 mammograms
were used, with 68 lesions. A sensitivity of 97% was achieved at 0.28 false positive per image.

Karssemeijer and te Brake [15] developed a method for the detection of stellate patterns in
mammograms, based on a statistical analysis of a map of the texture orientation in the mammo-
graphic images. The method for texture orientation analysis employs a multi-scale technique, and
the orientation map is analyzed through the use of operators sensitive to stellate patterns. A sensi-
tivity of 90% with one false positive per image was obtained in the detection of malignant stellate
lesions and architectural distortion, using 31 normal cases and 19 cases with stellate lesions from the
MIAS database [42]. In a related work, te Brake and Karssemeijer [125] presented an algorithm for
the identification of masses that is an extension of their previous work on the detection of stellate
patterns. The mass-detection algorithm identifies patterns of radial gradient vectors, rather than
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radial spiculations. A sensitivity of 75% was attained with one false positive per image, with a test
database of 71 cases (132 mammograms) containing malignant tumors.

Sahiner et al. [127, 128] defined a “rubber-band straightening transform” (RBST) to map
ribbons around breast masses in mammograms into rectangular arrays, and then computed Haral-
ick’s measures of texture [118]. The boundaries of 249 mammographic masses were automatically
extracted. Haralick’s texture measures individually provided classification accuracies of up to only
0.66, whereas the Fourier-descriptor-based shape factor defined by Shen et al. [110] gave an accu-
racy of 0.82 (the highest among 13 shape features, 13 texture features, and five run-length statistics).
Each texture feature was computed using the RBST method [128] in four directions and for 10
distances. The full set of the shape factors provided an average accuracy of 0.85, the texture feature
set provided the same accuracy, and the combination of shape and texture feature sets provided an
improved accuracy of 0.89.These results indicate the importance of including features from a variety
of perspectives and image characteristics in pattern classification.

Mudigonda et al. [130] proposed a method for the detection of masses in mammographic
images based on the analysis of iso-intensity contour groups, and subsequent inspection of texture
flow-field information to eliminate false positives. The test dataset consisted of 56 images from the
Mini-MIAS database [42] including 30 benign lesions, 13 malignant cases, and 13 normals. The
authors reported a sensitivity of 81% at 2.2 false positives per image. Figure A.4 illustrates the results
of the procedure applied to an ROI of a mammogram containing two circumscribed benign masses.
The method was also applied to the detection of masses in full mammographic images: the results
are illustrated in Figure A.5 for a mammogram with a small malignant tumor.

Mudigonda et al. [129, 130] computed Haralick’s texture measures using adaptive ribbons of
pixels extracted around mammographic masses (see Figure A.3c), and used the features to distinguish
malignant tumors from benign masses using linear discriminant analysis. The method was tested
on a database of 39 mammographic images, including 16 circumscribed benign, four circumscribed
malignant, 12 spiculated benign, and seven spiculated malignant masses. The authors reported a
classification accuracy of 74.4% with an area under the ROC curve of Az = 0.67. It was observed
that restricting feature extraction to ribbons around the contours of masses improved the classification
accuracy as compared to extracting the features over the entire regions of the masses.

Rangayyan et al. [131] proposed the use of shape factors and edge acutance (see Figure A.3d)
for the classification of manually segmented masses as benign or malignant, and spiculated or circum-
scribed. An overall classification accuracy of 95% was obtained with a database of 54 mammographic
images, including 16 circumscribed benign, seven circumscribed malignant, 12 spiculated benign,
and 19 spiculated malignant masses.

Rangayyan et al. [126] introduced two new shape factors, spiculation index and fractional
concavity (see Figure A.3b), and applied them for the classification of manually segmented mam-
mographic masses.The combined use of the spiculation index, fractional concavity, and compactness
yielded a benign-versus-malignant classification accuracy of 81.5%.
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Li et al. [132] proposed a method for mass detection that employs a directional wavelet
transform for multi-scale representation of the mammographic image, followed by segmentation of
the mass at different scales, and the elimination of false-positive segments using shape analysis. A
sensitivity of 91% with 3.2 false positives per image was obtained during the training phase of the
proposed algorithm. The trained algorithm identified six of 10 subtle masses in a subsequent testing
phase.

Zheng and Chan [133] devised an algorithm for the detection of masses that combines
localized fractal analysis for preselection of suspicious regions, a multi-resolution Markov random
field segmentation algorithm, and shape-based classification of segmented regions for reducing the
number of false positives.The algorithm was evaluated using all of the 322 images in the Mini-MIAS
database [42], and a sensitivity of 97.3% with 3.9 false positives per image was reported.

Liu et al. [134] formulated a multi-resolution procedure for the detection of spiculated lesions
in digital mammograms. A multi-resolution representation of the mammographic image was ob-
tained using a linear-phase, nonseparable, 2D wavelet transform. Pixel-based features were extracted
at each resolution level, and the resulting feature maps were analyzed, from the coarsest to the finest
resolution, to determine the sites of spiculated lesions. The algorithm was tested using a database
of 19 spiculated lesions and 19 normal mammograms from the MIAS database, and a sensitivity of
100% with 2.2 false positives per image was reported.

Zwiggelaar et al. [135] introduced a technique to detect abnormal patterns of linear structures
by detecting the radiating pattern of linear structures and/or the central mass expected to occur with
spiculated lesions.Principal component analysis (PCA) was applied to a training set of mammograms
including normal tissue patterns and spiculated lesions. The results of PCA were used to construct
a basis set of oriented texture patterns, which was used to analyze radiating structures. A sensitivity
of 80% was obtained at 0.23 false positive per image.

Guliato et al. [136] devised two methods for the segmentation of masses using fuzzy sets.
The first method determines the boundary of a mass by region growing, after a fuzzy-set-based
preprocessing enhancement step; the method yielded tumor boundaries that were consistent with
manually drawn contours. The second method incorporated the fuzzy-set theory into the region-
growing procedure, producing a fuzzy segmentation of the masses. The authors observed that the
degree of inhomogeneity around the mass boundary correlated with the benign/malignant nature of
the tumor, because malignant tumors are expected to have ill-defined margins. Using a measure of
inhomogeneity of the result of fuzzy segmentation in the boundary region, the authors obtained a
benign/malignant classification sensitivity of 80% with a specificity of 90%. Guliato et al. [137] also
developed a method for combining multiple segmentation results into a single result, using fuzzy
fusion operators. The resulting segmented regions were observed to be more consistent with the
corresponding regions segmented by a radiologist than the individual results of segmentation.



A.6. DETECTION AND CLASSIFICATION OF MASSES 109

Figure A.3: (a) ROI of a benign mass. (b) ROI overlaid with the contour, demonstrating concave parts
in black and convex parts in white. (c) Ribbon of pixels for the purpose of computing texture measures,
derived by dilating the contour in (b). (d) Normals to the contour, shown at every tenth point on the
contour, used for the computation of edge-sharpness measures. Reproduced with permission from H.
Alto, R.M. Rangayyan, and J.E.L. Desautels, “Content-based retrieval and analysis of mammographic
masses", Journal of Electronic Imaging, Vol. 14, No. 2, Article 023016, pp 1 – 17, 2005. © SPIE and IS&T.
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Figure A.4: (a) A 1, 024 × 1, 024-pixel section of a mammogram containing two circumscribed benign
masses. Pixel size = 50 μm. Image width = 51 mm. (b) Groups of iso-intensity contours in the third multi-
resolution version of the image in (a). (c)The contours (white) of two masses (indicated by arrows) and two
false positives detected, with the corresponding contours (black) of the masses drawn independently by a
radiologist. Reproduced with permission from N.R. Mudigonda, R.M. Rangayyan, and J.E.L. Desautels,
“Segmentation and classification of mammographic masses”, Proceedings of SPIE Volume 3979, Medical
Imaging 2000: Image Processing, pp 55 – 67, 2000. © SPIE.
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(a) (b)

Figure A.5: (a) A mammogram (size 1, 024 × 1, 024 pixels, 200 μm per pixel) with a spiculated malig-
nant tumor (pointed by the arrow, radius = 0.54 cm). Case mdb144 from the MIAS database. (b) Adaptive
ribbons of pixels (white) and boundaries (black) of the regions retained in the mammogram after the
false-positive analysis stage. The larger region corresponds to the malignant tumor; the other region is
a false positive. Reproduced with permission from N.R. Mudigonda, R.M. Rangayyan, and J.E.L. De-
sautels, “Detection of breast masses in mammograms by density slicing and texture flow-field analysis”,
IEEE Transactions on Medical Imaging, 20(12): 1215 – 1227, 2001. © IEEE.

A.7 ANALYSIS OF CURVILINEAR STRUCTURES

The presence of CLS is an important factor in the detection of abnormalities in mammograms. The
breast contains many structures that correspond mammographically to CLS, such as milk ducts,
blood vessels, ligaments, parenchymal tissue, and edges of the pectoral muscle. Some lesions are
characterized by the presence of certain types of CLS, such as spicules, in the mammographic image
(for example, spiculated masses and architectural distortion), or by the asymmetric disposition of
the oriented texture in the breast image. Conversely, some lesions, such as circumscribed masses,
may be obscured by superimposed CLS; the resulting altered appearance could lead to misdiagnosis.
Therefore, the ability to detect and classify CLS could enhance the performance of CAD algorithms.

Evans et al. [138] developed a method for statistical characterization of normal CLS in mam-
mograms. Curvilinear structures were detected automatically, and six shape features were computed
from each CLS. Principal component analysis was performed, and the two major dimensions were
modeled using a Gaussian mixture model.
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Wai et al. [139] proposed a method for the segmentation of CLS based on physical modeling
of CLS in the breast. Qualitative experiments were conducted, and the authors reported that their
method produced localized responses that are robust to the presence of noise.

Zwiggelaar et al. [16] investigated the performance of different methods for the detection and
classification of CLS in mammograms, including: a line operator [22], orientated bins [37], steerable
filters [26], and ridge detectors [38]. It was observed that the best method for CLS detection (line
operator) yielded an area under the ROC curve of Az = 0.94.Cross-sectional analysis of the detected
profiles was performed, using PCA for dimensionality reduction, resulting in good discrimination
between spicules and ducts (Az = 0.75).

A.8 ANALYSIS OF BILATERAL ASYMMETRY

One of the cues used by radiologists to detect the presence of breast cancer is bilateral asymmetry,
where the left and right breasts differ from each other in overall appearance in the corresponding
mammographic images. Scutt et al. [43] reported on the increased probability of development of
breast cancer associated with this finding. Miller and Astley [140] proposed a technique for the
detection of bilateral asymmetry that comprised a semi-automated texture-based procedure for the
segmentation of the glandular tissue, and measures of shape and registration cost between views for
the detection of the occurrence of asymmetry. An accuracy of 86.7% was reported, on a test dataset
of 30 screening mammogram pairs. In another report, Miller and Astley [141] presented a method
for the detection of bilateral asymmetry based on measures of shape, topology, and distribution
of brightness in the fibroglandular disk. The method was tested on 104 mammogram pairs, and
a classification accuracy of 74% was obtained. Lau and Bischof [142] devised a method for the
detection of breast tumors, using a localized definition of asymmetry that encompassed measures of
brightness, roughness, and directionality.The method was evaluated using 10 pairs of mammograms
where asymmetry was a significant factor in the radiologist’s diagnosis. A sensitivity of 92% was
obtained with 4.9 false positives per mammogram.

Ferrari et al. [30] developed a method for the analysis of asymmetry in mammograms using
directional filtering with Gabor wavelets. In their method, the fibroglandular disk is segmented
(Figure A.6 illustrates this step of the method), and the resulting image is decomposed using a bank
of Gabor filters at different orientations and scales. The Karhunen-Loève transform is employed to
select the principal components of the filter responses. Rose diagrams are computed from the phase
images, and subsequently analyzed to detect the presence of asymmetry as characterized by variations
in oriented textural patterns (see Figure A.7).A database of 80 images from the Mini-MIAS database
containing 20 normal cases, 14 asymmetric cases, and six architectural distortion cases was used to
evaluate the algorithm.The authors reported classification accuracy rates of up to 74.4%.The Gabor-
filter-based method gives quantitative measures of the differences in the directional distribution
of the fibroglandular tissue (pattern asymmetry). Rangayyan et al. [143] extended the method of
Ferrari et al. [30] by including morphological measures quantifying differences in fibroglandular-
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tissue-covered area in the left and right breasts, which relate to size and shape. A sensitivity of 82.6%
and a specificity of 86.4% were obtained in the detection of bilateral asymmetry.

(a) (b)

(c) (d)

Figure A.6: Images mdb119 and mdb120 of a case of architectural distortion. (a) and (b) Original im-
ages (1, 024 × 1, 024 pixels at 200 μm/pixel). The breast boundary (white) and pectoral muscle edge
(black) detected are shown. (c) and (d) Fibroglandular discs segmented and enlarged (512 × 512 pixels).
Histogram equalization was applied to enhance the global contrast of each ROI for display purposes only.
Reproduced with permission from R.J. Ferrari, R.M. Rangayyan, J.E.L. Desautels, and A.F. Frère, “Ana-
lysis of asymmetry in mammograms via directional filtering with Gabor wavelets", IEEE Transactions
on Medical Imaging, 20(9): 953 – 964, 2001. © IEEE.
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Figure A.7: Results of analysis of bilateral asymmetry for the case of architectural distortion in Figure
A.6. (a) and (b) Magnitude images resulting from Gabor filtering and PCA. (c) and (d) Rose diagrams.
The magnitude images were histogram-equalized for improved visualization. The rose diagrams have
been configured to match the mammograms in orientation. Reproduced with permission from R.J.
Ferrari, R.M. Rangayyan, J.E.L. Desautels, and A.F. Frère, “Analysis of asymmetry in mammograms
via directional filtering with Gabor wavelets", IEEE Transactions on Medical Imaging, 20(9): 953 – 964,
2001. © IEEE.
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A.9 DETECTION OF ARCHITECTURAL DISTORTION

Architectural distortion is one of the most commonly missed abnormalities in screening mam-
mography. Improvements in the detection rate of architectural distortion could increase the rate of
detection of early breast cancer, and reduce the morbidity and mortality due to breast cancer. We
surmise that methods designed exclusively for the detection of architectural distortion can achieve
better performance than the application of methods for the detection of spiculated masses, which
may rely on the presence of a central mass.

Sampat et al. [144] employed filtering in the Radon-transform domain to enhance mammo-
grams, followed by the use of radial spiculation filters to detect spiculated lesions. The algorithm
was tested on 45 cases exhibiting spiculated masses, and 45 cases with the presence of architec-
tural distortion. A sensitivity of 80% was obtained at 14 false positives per image in the detection
of architectural distortion, and 91% at 12 false positives per image in the detection of spiculated
masses.

The use of fractal dimension to characterize the presence of architectural distortion in mam-
mographic ROIs has been explored recently. Guo et al. [145] investigated the characterization of
architectural distortion using the Hausdorff dimension, and a support vector machine classifier to
distinguish between mammographic ROIs exhibiting architectural distortion and those with normal
mammographic patterns. A set of 40 ROIs was selected from the MIAS database [42] (19 ROIs
with architectural distortion and 21 ROIs with normal tissue patterns). The authors reported a clas-
sification accuracy of 72.5%.Tourassi et al. [146] studied the use of fractal dimension to differentiate
between normal and architectural distortion patterns in mammographic ROIs. The dataset used
in the investigation contained 112 ROIs with architectural distortion patterns, and 1, 388 ROIs
exhibiting normal tissue patterns. An area under the ROC curve of Az = 0.89 was obtained. The
authors also reported that the average fractal dimension of ROIs exhibiting architectural distortion
was observed to be lower than that of ROIs with normal patterns, and that the observed difference
was statistically significant under an independent-sample, two-tailed t-test.

Matsubara et al. [147] used mathematical morphology to detect architectural distortion around
the skin line, and a concentration index to detect architectural distortion within the mammary gland;
the authors reported a sensitivity of 94% with 2.3 false positives per image, and 84% with 2.4 false
positives per image, respectively. In a later report from the same research group, Ichikawa et al. [60]
presented a method to detect architectural distortion that encompasses the detection of linear struc-
tures using the mean curvature of the image, the computation of a concentration index that indicates
the presence of stellate structures over half-circles, and the detection of architectural distortion based
on a set of local features that includes the concentration index; the authors reported a sensitivity
of 68% with 3.4 false positives per image. Mudigonda and Rangayyan [148] proposed the use of
texture flow-field to detect architectural distortion, based on the local coherence of texture orienta-
tion; only preliminary results were given, indicating the potential of the technique in the detection
of architectural distortion.
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Eltonsy et al. [149] proposed a method for the detection of masses and architectural distor-
tion based on the identification of points surrounded by concentric layers of image activity. A test
dataset of 80 images was used in the evaluation of the technique, containing 13 masses, 38 masses
accompanied by architectural distortion, and 29 images exhibiting only architectural distortion. The
authors reported an overall sensitivity of 91.3% with 9.1 false positives per image. A sensitivity of
93.1% in the detection of pure architectural distortion was also reported at the same level of false
positives per image in the overall dataset, without providing a specificity measure applied only to the
cases of pure architectural distortion.

Ayres and Rangayyan [13, 150] studied the characterization of architectural distortion in
mammographic ROIs using phase portraits. A database of 106 ROIs extracted from the Mini-
MIAS database was used, containing 17 cases of architectural distortion, 45 normals, two ROIs with
malignant calcifications,and 44 masses (eight spiculated malignant, four circumscribed malignant,11
spiculated benign, and 19 circumscribed benign masses) [13]. A sensitivity of 76.5% and a specificity
of 76.4% were obtained, with an area under the ROC curve of Az = 0.77 [13].The authors extended
their work to the detection of architectural distortion in full mammograms [56]: preliminary results
indicated a sensitivity of 88% at a high false-positive rate (15 false positives per image) with a dataset
of 19 images exhibiting architectural distortion. Further developments of the technique included
the rejection of CLS associated with strong gradients [14, 151]: a sensitivity of 84% at 7.8 false
positives per image was obtained. In a subsequent work, Rangayyan and Ayres [68, 69] included
a shape constraint on the phase portrait model. The technique was evaluated on a database of 19
images containing architectural distortion and 41 normal mammograms. A sensitivity of 84% was
obtained at 4.5 false positives per image. Details of these methods are presented in Chapter 4.

A.10 ANALYSIS OF PRIOR MAMMOGRAMS

Screening mammography has a limited sensitivity [80], and it has been observed that subtle signs
of abnormality can be seen in a significant fraction of previous screening mammograms of screen-
detected or interval cases of breast cancer [81], hereafter referred to as prior mammograms. It is
possible that such cases of missed signs of abnormality present indistinct, subtle, or hard-to-detect
features related to early signs of breast cancer. Based on these observations, a few researchers have
analyzed prior mammograms in efforts to improve the detection of early signs of breast cancer.

Sameti et al. [154] studied the structural differences between the regions that subsequently
developed malignant masses on mammograms, and other normal areas in images taken in the
last screening instance prior to the detection of tumors. Manually identified circular ROIs were
transformed into their optical-density equivalents, and further divided into three types of regions
representing low, medium, and high optical density. Based upon the regions, a set of photometric
and texture features was extracted. It was reported that in 72% of the 58 breast cancer cases studied,
it was possible to realize the differences between malignant tumor regions and normal tissues in the
prior mammograms.
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Petrick et al. [155] studied the effectiveness of their mass-detection method in the detection
of masses in prior mammograms.The dataset used included 92 images (54 malignant and 38 benign)
from 37 cases (22 malignant and 15 benign). Their detection methods achieved a “by film” mass-
detection sensitivity of 51% with 2.3 false positives per image; a slightly better accuracy of 57% was
achieved in detecting only malignant tumors. The detection scheme of Petrick et al. attempts to
segment salient densities by employing region growing after enhancement of contrast in the image.
Such an intensity-based segmentation approach fails to detect the developing densities in prior
mammograms due to the inadequate contrast of potentially abnormal regions before the masses are
actually formed.

Zheng et al. [156] investigated the performance of a CAD algorithm for the detection of
masses in current and prior mammograms in two scenarios: when the algorithm was optimized with
current mammograms, and when the algorithm was optimized with prior mammograms.The CAD
algorithm consisted of three steps: difference-of-Gaussian filtering and thresholding for the initial
selection of potential lesion sites; adaptive region growing and topological analysis of the suspicious
regions to eliminate false positives; and feature extraction (including shape, histogram, and texture
features) and classification using an artificial neural network (ANN). A database of 260 pairs of
consecutive mammograms was used in this work, where the latest image showed one or two masses,
and the prior image had been originally classified as negative or probably benign. The first two steps
of the CAD algorithm were applied to both the current and prior images of the database, producing
a set of 1, 449 suspicious ROIs, which were classified according to the true mass location in the
current mammograms. The ROIs were classified into the normal and mass categories using the
third step of the CAD algorithm (feature extraction and ANN classification). The authors reported
that training the ANN with the current mammograms resulted in areas under the ROC curves
of 0.89 ± 0.01 and 0.65 ± 0.02 when classifying ROIs from the current and prior mammograms,
respectively. When the ANN was trained with ROIs from the prior mammograms, areas under
the ROC curve of 0.81 ± 0.02 and 0.71 ± 0.02 were obtained in the classification of ROIs from
the current and prior mammograms, respectively. The results indicate the importance of developing
CAD algorithms that incorporate knowledge about particular features of early signs, as opposed to
the application of methods designed for well-developed masses, for the detection of early signs of
breast cancer.

The method described in Section 4.3 has recently been extended for the detection of archi-
tectural distortion in prior mammograms [186, 187, 188, 189, 191, 192]. Several features computed
from ROIs detected using the node map, including Haralick’s texture features, Laws’ texture energy
measures, fractal dimension, and measures of angular spread of energy in the Fourier domain have
led to detection accuracy of the order of 80% at about 6 false positives per image.These recent works
demonstrate the potential to detect breast cancer at stages prior to the formation of readily evident
masses.

Simultaneous analysis of current and prior mammograms could improve the performance
of radiologists in the detection of breast cancer, and may also enhance the performance of CAD
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systems in the same task. Burnside et al. [157] analyzed the impact of the availability of prior
mammograms on the clinical outcomes of diagnostic and screening mammography. The authors
concluded that comparison with previous mammograms significantly improves the specificity but not
the sensitivity of screening mammography, and increases the sensitivity of diagnostic mammography.
Ciatto et al. [158] compared single, double, and CAD-assisted reading of negative prior (screening)
mammograms in interval-cancer cases. It was observed that CAD-assisted reading was almost as
sensitive as double reading, and significantly more specific.

A.11 FULL-FIELD DIGITAL MAMMOGRAPHY

Full-field digital mammography, although not a CAD technology in strict terms, has several ad-
vantageous features that can be explored by a CAD system. In a digital imaging system, the steps
of image acquisition, processing, display, and storage are decoupled, allowing the optimization of
each of these procedures. Several authors have presented reviews of technologies for full-field digital
mammography, e.g., James [159], Pisano [160], and Yaffe [161]. Lewin et al. [162] compared the
performance of full-field digital mammography and screen-film mammography for the detection of
breast cancer in a screening population. It was observed that no statistically significant difference
(p > 0.1) existed in cancer detection, and that digital mammography resulted in fewer recalls than
screen-film mammography (p < 0.001).

A.12 INDEXED ATLASES, DATA MINING, AND
CONTENT-BASED RETRIEVAL

The advent of mammographic screening programs has generated a variety of data, such as patient
reports and mammographic images, stored in many databases across health centers and universities
around the world. Such a wealth of data could be explored through the use of information man-
agement technologies, benefiting researchers, clinical practitioners, students, patients, companies
engaged in research and development related to CAD systems, and other participants in the effort
to reduce breast cancer mortality.

The Merriam-Webster dictionary defines data as “factual information (such as measurements
or statistics) used as a basis for reasoning, discussion, or calculation”, and information as “knowl-
edge obtained from investigation, study, or instruction”. Data represent a meaningless entity that
is transformed into information through the process of analysis and attribution of meaning. It is
necessary to develop the proper computational tools in order to obtain useful information from the
vast amounts of data present in mammographic and associated databases.

One can contemplate upon the usefulness of efficiently retrieving and analyzing information,
by observing how search engines help in taming the massive complexity and quantity of data available
on the Internet. Nevertheless, it is necessary to tailor the information retrieval tools to the nature of
the information being retrieved. Some researchers have investigated the application of content-based
image retrieval (CBIR) [163, 164, 165] and data mining [166] techniques to explore the richness
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present in databases of mammograms and patient information. Honda et al. [163] presented a
CBIR system based on textural features and PCA: the authors reported a precision rate between
25% and 100%. Nakagawa et al. [164] presented a technique for CBIR where mammographic ROIs
containing masses were represented by autocorrelation measures. The authors observed that the
technique allowed the retrieval of ROIs that were visually similar to a given ROI, used as a query.
Nevertheless, the visual similarity did not imply an agreement between the radiologist’s assessment
of the query ROI and the retrieved ROIs: an agreement of 29% was obtained in the shape of the
mass, and 34% in the description of the mass border. Kinoshita et al. developed a CBIR system that
incorporated measures of shape, size, and texture for the description of the breast area, and a Kohonen
self-organizing map for the retrieval of images. A dataset of 1, 080 mammograms was used to test
the system, and precision rates between 78% and 83% were obtained. Azevedo-Marques et al. [190]
proposed methods to incorporate experts’ opinion and guidance in a CBIR system through relevance
feedback.

Alto et al. [167] investigated the suitability of objective measures of shape, edge sharpness,
and texture to retrieve mammograms with masses having similar features. The retrieval precision
was determined to be 91% when using the three most-effective features investigated by the authors,
namely fractional concavity, acutance, and sum entropy (a texture measure defined by Haralick [118]).
Figure A.3 illustrates the process of feature extraction for a macrolobulated benign mass. The ROI
of the mass is shown in Figure A.3a. Figure A.3b displays the contour of the mass, with concave
parts in black and convex parts in white: fractional concavity is the fractional length of the concave
segments to the total length of the contour. Figure A.3c shows the ribbon of pixels at the boundary
of the mass which is used to compute texture measures. Figure A.3d exhibits a set of line segments
(in black) perpendicular to the contour of the mass: the image intensity along these perpendicular
line segments is used to compute acutance, a measure of edge sharpness. The results of the retrieval
operation for a malignant tumor are illustrated in Figure A.8.

Indexed atlases can be developed to help in the teaching and training of radiologists, and
combined with content-based retrieval tools to help radiologists in the decision-making process
for difficult-to-diagnose cases. Alto et al. [168, 169] discuss several issues related to an effective
design of an indexed atlas of digital mammograms for CAD of breast cancer. In particular, the use of
objective measures derived by the application of image processing techniques to represent diagnostic
features in mammograms could lead to semantic indexing, data mining, content-based retrieval, and
comparative analysis of cases. Guliato et al. [170] developed an indexed atlas of digital mammograms
which supports content-based retrieval of mammograms for research purposes,and provides a tutorial
system for educators based on a formal specification of knowledge (an ontology[193]) related to the
clinical analysis of mammograms.

A.13 COMPUTER-AIDED DIAGNOSIS OF BREAST CANCER

Computer-aided diagnosis techniques [171, 172, 173] could offer a cost-effective alternative to
double reading as a means of reducing errors. A CAD system could act as a second reader, prompting
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Figure A.8: Content-based retrieval with a microlobulated malignant tumor query sample using the
three features fractional concavity (shape), acutance (edge sharpness), and sum entropy (texture measure).
In each case, the gray-scale ROI and the corresponding contour drawn by a radiologist are shown. The
top three matches selected from the database are shown.

the radiologist to review areas in a mammogram deemed to be suspicious by specialized computer
algorithms. A typical CAD session works as follows:

1. The radiologist performs the first reading of the mammogram, recording any questionable or
suspicious areas. Optionally, the radiologist could digitally enhance the mammographic image
in order to pay closer attention to subtle details that could suggest the presence of lesions.

2. The CAD system scans the mammogram in order to detect suspicious features.

3. The radiologist then analyzes the prompts given by the CAD system to verify whether any
suspicious area was left unchecked in the first reading.

CAD algorithms may also be employed to estimate the likelihood that a given lesion is
malignant or benign, with such an estimate reviewed subsequently by the radiologist.

The potential benefits of CAD technology motivated the development of several commercial
CAD systems, such as the “ImageChecker” (R2 Technology, Sunnyvale, CA [174]) and “Second-
Look” (iCAD, Nashua, NH [71]). A recent study has demonstrated that CAD systems can improve
a radiologist’s sensitivity without a substantial increase in the recall rate [175]. However, another
study [176] has indicated that the use of CAD technology resulted in lower specificity, reducing the
overall accuracy of interpretation of screening mammograms, while increasing the rate of biopsy.

Ciatto et al. [177] compared conventional mammogram reading and CAD reading in a na-
tional proficiency test of screening mammography in Italy. The authors concluded that the perfor-
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mance of single reading with CAD is similar to that of double reading. Freer and Ulissey [178]
performed a prospective study of the effect of CAD on screening, where 12, 860 screening mam-
mograms were interpreted with the help of a CAD system over a 12-month period. It was observed
that the number of cancers detected increased by 19.5%, and the proportion of early-stage malig-
nancies detected increased from 73% to 78%. The recall rate increased from 6.5% to 7.7%, and the
positive-predictive value of biopsy remained unchanged at 38%.The study led to the conclusion that
CAD can improve the detection of early-stage malignancies without an excessively adverse effect
on the recall rate or the positive-predictive value of biopsy.

Burhenne et al. [179] studied the performance of a commercial CAD system in the detection of
masses and calcifications in screening mammography, obtaining a sensitivity of 75% in the detection
of masses and architectural distortion, at one false positive per image. Evans et al. [180] investigated
the ability of a commercial CAD system to mark invasive lobular carcinoma of the breast: the system
identified correctly 17 of 20 cases of architectural distortion. Birdwell et al. [181] evaluated the
performance of a commercial CAD system in marking cancers that were overlooked by radiologists:
the software detected five out of six cases of architectural distortion, and 77% of the previously
missed lesions, at 2.9 false positives per image.

However, Baker et al. [182] found the sensitivity of two commercial CAD systems to be
poor in detecting architectural distortion: fewer than 50% of the 45 cases of architectural distortion
presented were detected (with a lower image-based sensitivity of 38%, or 30 out of 80 images, at
0.7 false positives per image). Broeders et al. [183] suggested that improvements in the detection
of architectural distortion could lead to an effective improvement in the prognosis of breast cancer
patients.

These findings indicate the need for further research in this area, and the development of
algorithms designed specifically to characterize and detect architectural distortion.

A.14 REMARKS

Mammograms are difficult images to interpret, due to the superposition of various anatomical
features in the image, and the subtle nature of signs of breast cancer (especially, signs of early breast
cancer). The development of CAD algorithms for breast cancer is an active research field, where the
goal is to improve the detection rates of breast cancer. The aforementioned goal is pursued through
the development of CAD techniques for the enhancement of mammographic images (to facilitate
the perception of signs of breast cancer), detection of signs of breast cancer (such as calcifications,
masses, asymmetry, and architectural distortion), and the development of efficient systems for the
acquisition and management of mammographic images. The development of indexed atlases and
data-mining systems may facilitate the analysis of mammographic images and the training of new
radiologists in the reading of mammograms.

Several CAD techniques for the detection of masses and calcifications in mammograms have
been developed; proportionately smaller numbers of methods for the detection of architectural
distortion and bilateral asymmetry have been proposed. A comprehensive review of the literature of
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CAD techniques for breast cancer, presented in this appendix, indicates that further developments
are necessary in the detection of subtle signs of early breast cancer.
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A P P E N D I X B

Event detection in medical
images

Concepts related to the performance analysis of systems for the detection of events in images are
discussed in this Appendix. Such concepts are applicable to the study of systems for the detection
of abnormalities in mammographic images, such as architectural distortion. A more comprehensive
presentation of the concepts shown in this appendix can ber found in [40, 67].

B.1 SENSITIVITY AND SPECIFICITY

Consider a set of RBIs obtained from mammographic images, where some ROIs exhibit normal
tissue patterns (normal ROIs) whereas others display architectural distortion (abnormal ROIs).The
true nature of each mammographic ROI, called the “ground truth”, is established by means such
as expert opinion or biopsy. Normal ROIs will be referred to as “negative findings”, or “negatives”.
Likewise, abnormal ROIs will be labeled as “positive findings”, or “positives”.

Consider also a computer system (hereafter referred to as the classifier) designed to separate
the positives from the negatives. Sensitivity is defined as the fraction of positives that are identified as
such by the classifier. The fraction of negatives identified as such by the classifier is called specificity.

In mathematical terms, let us define the following quantities:

• P is the number of positives.

• N is the number of negatives.

• T P is the number of true positives, that is, positives which were categorized as such by the
classifier.

• T N is the number of true negatives, that is, negatives which were categorized as such by the
classifier.

• FP is the number of false positives, that is, negatives which were categorized as positives by
the classifier.

• FN is the number of false negatives, that is, positives which were categorized as negatives by
the classifier.
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Sensitivity and specificity are defined as:

sensitivity = T P

P
= T P

T P + FN

and

specificity = T N

N
= T N

T N + FP
.

An ideal classifier would achieve sensitivity and specificity values of 1.0, or 100%.

B.2 RECEIVER OPERATING CHARACTERISTIC ANALYSIS
Let � be the set of elements being classified (for instance, mammographic ROIs), and ω ∈ � be
an element in the set. Several classifiers are comprised of a function g : � 
→ R and a decision
threshold T such that if g(ω) > T , then the element ω is classified as a positive; otherwise, ω is
classified as a negative element. The value g(ω) is called the discriminant value of ω.

Changing the threshold value T affects the sensitivity and specificity of the classifier. A high
value of T implies a rigorous or strict classifier, where few negative elements will be misclassified as
positives, but many positive elements may not pass the high threshold criterion. In this case, a high
specificity is achieved, at the potential expense of a low sensitivity. At the other extreme, consider
the situation where the value of T is low. Then, the classifier will accept more elements as positives,
and potentially commit the error of classifying negative elements as positives. Such a classifier would
have a high sensitivity, but low specificity.

The receiver operating characteristic (ROC) curve is a graph of all possible values of sensitivity
and specificity that are obtained by varying the threshold value T . It is customary to plot the ROC
curve with the sensitivity values on the ordinate (y-axis), and the quantity

FPF = 1 − specificity,

known as the false-positive fraction, on the abscissa (x-axis). The area under the ROC curve is
denoted by the symbol Az, and indicates the overall performance of the classifier. A perfect classifier
will have Az = 1, whereas a random classifier (which assigns a random label to each element) will
have Az = 0.5.

The problem of detection differs from the problem discussed in the preceding paragraphs
(which is the classification problem). In the detection problem, the goal is to identify whether
there is an abnormality present in a given mammographic image, and to mark the location of the
abnormality, if present. A detection system, in the context of the present work, may mark several
locations in the image (detection marks) as potential sites of architectural distortion. In this new
context, sensitivity refers to the fraction of images containing architectural distortion in which at
least one detection mark corresponds to the true site of architectural distortion. Specificity, on the
other hand, is undefined: there is no pre-specified number of negatives. An alternative measure that
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conveys the idea of specificity is the false alarm rate of the system, specified by the number of false
positives (or false detections) per image.

Similar to the classification problem, a detection system may provide a discriminant value
for each tentative detection mark, and a threshold value may determine the acceptance or rejection
of a detection mark. Changing the threshold will change the sensitivity, as well as the rate of false
positives per image. A graph that displays the relationship between the sensitivity and the number
of false positives per image is called the free-response ROC curve, abbreviated as FROC.
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